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a b s t r a c t

The thermal management on low-dimensional materials requires a fundamental understanding of
phonon couplings, which dominates thermal transport. In this mini-review, recent studies on weak
couplings between phonon and other energy carriers are reviewed firstly. Then, a generalized analytical
model, phonon weak couplings model, is proposed based on Boltzmann transport equation. When
applying this model to describe recent works on weak couplings of phonons, it is classified as “implicit
couplings” and “explicit couplings”, corresponding to couplings within a single structure and between
two structures, respectively. Furthermore, perspectives and limitations of phonon weak couplings model
are summarized, and potential research prospects are given to inspire future investigations and
applications.

© 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Modern electronic devices are aggressively shrinking into nano-
scale and operate with increasing volumetric power consumption,
thermal management in devices becomes a critical issue in current
advanced technology [1]. There is an increasing demand for ma-
terials with high thermal conductivity and interfacial thermal
conductance that can dissipate massive heat in electronic devices
[2e7]. Because phonons play a critical role in the thermal transport
in micro/nanoscale semiconductors, phononics and phonon engi-
neering have drawn lots of attentions [8e12]. Therefore, a funda-
mental and comprehensive understanding of phonon transport
mechanism is crucial to improve the performance of materials and
devices for effective thermal management.

Extensive studies show that two main thermal resistances play
central roles in determining the thermal conductivity of materials.
The first one is the phonon coupling thermal resistance between
different phonon groups inside low-dimensional materials, which
determine the thermal conductivity of single material itself [13].
The second one is the interfacial thermal resistance between
wer Engineering, Huazhong
4, PR China.
different structures or materials, which determine the total thermal
conductivity of composite materials [14,15]. A very important
feature in such systems is the coupled thermal transport among
different phonon groups or thermal channels. Coupled thermal
transport phenomena are observed to exist in many applications
including thermal management, thermal modulation, thermo-
electrics and energy conversion, such as phonon transport in low-
dimensional materials with high thermal conductivity like gra-
phene [16] and boron nitride nanoribbons [17], heat transfer across
metal-dielectric interfaces [18], heat conduction in folded graphene
for phononic device [19], and water evaporationwith nanoparticles
for solar desalination [20,21].

Totally different from strong couplings among phonons in bulk
structures, it is found recently that there are much weaker cou-
plings in nanostructures, which play an important role in domi-
nating the thermal properties of nanomaterials. The finding of
phonon-phonon weak coupling is important which is related to
some new physical phenomena such as two-temperature non-
equilibrium thermal transport and hot topic such as van der Waals
interfaces. For example, the weak coupling between in-plane
phonons and out-of-plane phonons in the suspended graphene
resulted in the non-equilibrium thermal transport, which is one of
the central factors for the high thermal conductivity of graphene
[22]. Besides, the widespread van der Waals interfaces between
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Fig. 1. Representative temperature profiles in TTM for electron-phonon coupling
across metal-nonmetal interface from Ref. [32]. In the metal side near interface,
electrons and phonons have different temperatures (Te and Tp) indicating the non-
equilibrium transport caused by electron-phonon coupling. The total temperature
difference at the interface (DT) is denoted by the sum of temperature difference
induced by electron-phonon coupling in the metal side (DTep) and temperature dif-
ference induced by phonon-phonon coupling across the interface (DTpp). Reprinted
with permission from Ref. [32]. Copyright (2012) American Physical Society.
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nanostructures are featuredwith weak interactions [23e25], which
also exhibit similar phonon-phonon weak coupling between two
interacting subsystems. Therefore, there is a great demand for a
generalized theoretical model to reveal the physical mechanism for
coupled thermal transport phenomena in a systematic way.

In this work, firstly, the related studies of coupling between
phonon and other energy carriers, such as electron-phonon and
magnon-phonon, are reviewed. Then, the necessity of model to
describe phonon-phonon coupling is illustrated. In part 3, phonon
weak couplings model (PWCM) is deduced based on Boltzmann
transport equation. In part 4, when applying PWCM to describe the
mechanism of phonon weak couplings in thermal transport, it is
classified in two situations. One is “implicit couplings” between
different phonon groups/branches within one single structure, and
the other is “explicit couplings” across the interface between two
different structures. Finally, perspectives, limitations and prospects
of PWCM are given.

2. Coupling between phonon and other energy carriers

The coupling between phonon and other energy carriers, which
takes non-negligible effects on thermal transport, has been inves-
tigated recently. Two different types of energy carriers, such as the
electron-phonon or magnon-phonon, can be easily driven into
non-equilibrium state through their different interactions with
external excitations or different boundary conditions [26]. One
approach to conveniently investigate the coupling is the two-
temperature model (TTM) [27,28], where two types of energy car-
riers are considered as two subsystemswith coupling interaction. It
is named as two-temperature because the temperature profiles of
two subsystems usually deviate from each other due to non-
equilibriums. Generally, the interaction between subsystems is
much weaker than that within each subsystem. The interacting
degree between subsystems is described by a coupling factor.

Take an example of electron-phonon coupling, the governing
equations of two subsystems by TTM are:

Ce
vTe
vt

¼VðkeVTeÞ � Gep
�
Te � Tp

�
(2-1a)

Cp
vTp
vt

¼V
�
kpVTp

�þ Gep
�
Te � Tp

�
(2-1b)

where e and p refer to electron and phonon respectively, T is the
temperature while t is time, C is the volumetric heat capacity of the
energy carriers, and Gep is the e-p coupling factor.

The observation of electron-phonon local non-equilibrium dates
back to decades ago during experiments on laser excitation of
crystalline metals [29]. While the direct measurement of energy
carriers’ temperature is difficult, researchers turn to theoretical
models in predicting and interpreting experimental results.
Majumdar and Reddy used TTM to show that electron-phonon
coupling could be an important issue in metal-nonmetal in-
terfaces [28]. Chen adopted TTM to predict a large non-equilibrium
between electrons and phonons created at a properly designed
potential step which can produce a large thermoelectric effect [30].

Fig. 1 shows the representative temperature profiles derived
from TTM at a metal-dielectric interface. Electron-phonon coupling
causes the two temperature profiles to deviate from each other
near the interface, resulting in the so-called e-p non-equilibrium
phenomenon. This presents a total temperature jump including
the temperature difference related to the electron-phonon
coupling in the metal side and the phonon-phonon coupling
across the interface. Through the combination of two-temperature
model and molecular dynamics, a method named TTM-MD is
2

developed to effectively simulate electron-phonon coupling in both
metal [31] and metal/semiconductor interface [32]. The basic idea
of TTM-MD is to represent electrons’ scattering with phonons as a
“friction force” added to the atoms in the simulation domain. TTM-
MD was then modified by including the cross-interface electron-
phonon coupling [33]. Moreover, TTM was extended to a general
multi-temperature model (MTM), by calculating the e-ph scat-
tering rates from first principles and then solving their coupled
transport in conjunction with ph-ph scattering rates, which ac-
count for the phonon branch-resolved electron-phonon coupling
[34,35]. In addition, thermal modulation can be achieved from the
perspective of electron-phonon coupling, such as an appropriate
choice of interlayer materials with relatively strong electron-
phonon coupling could significantly enhance interfacial thermal
transport across metal-dielectric interfaces [36], and the critical
particle size could be identified to enhance thermal conductivity of
metal nanoparticle-polymer composites [37].

For the magnon-phonon coupling, TTM has been successfully
applied to study thermally driven spin transport and energy con-
version phenomena. Sanders andWalton [27] used TTM to treat the
coupled phonon-magnon thermal diffusion process, where mag-
nons and phonons were modeled as two gases of bosons with
different temperatures but each locally in thermal equilibrium.
TTM was also applied to explain the spin Seebeck effect [38], and
was further extended to take into account the boundary heat and
spin transfer [39]. Liao et al. generalized TTM for coupled phonon-
magnon diffusion to include the effect of the concurrent magneti-
zation flow, and predict a new magnon cooling effect driven by a
nonuniformmagnetic field [40]. Recently, An et al. has reported the
experiments in which the local non-equilibrium between magnons
and phonons was found in a single crystalline bulk magnetic
insulator, and the diffusion length of thermal magnons was quan-
tified through analyzing the deviation in the magnon number
density from the local equilibrium value [41].

According to previous studies, it can be seen that two-
temperature model is applicable to describe the coupling be-
tween phonon and other types of energy carriers, such as electron-
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phonon and magnon-phonon. Generally, the interaction between
different types of carriers is much weaker than that among the
same type of carriers. The coupling interaction between the same
type of energy carriers (such as phonon-phonon coupling) mainly
present strong coupling in the materials. Recently, it is found that
weak coupling also exists between phonon and phonon [22,42,43].
From the perspective of coupling strength, it is necessary to pro-
pose a special model to describe the composite couplings of
phonon-phonon for different situations, such as phonon coupling
between two subsystems including two different phonon groups/
branches or two different structures/materials.

From the definition of temperature, TTM is applicable to
describe two different temperatures of two types of energy carriers
at the same location. That is, TTM does not include the situations
that different temperatures in different structures with couplings,
such as van der Waals interfaces. From different perspectives of
analysis, TTM is named from the introduction of physical parameter
“temperature” under the framework of non-equilibrium transport.
In contrast, here we focuses more on the strength of coupling
among different phonons and the underlying physical mechanism.
Therefore, a generalized model named as phonon weak couplings
model is proposed to give a clear physical description of coupling
mechanism, and this model is applied to summarize recent works
including both the “implicit couplings” and “explicit couplings”
under the framework of phonon coupling.
3. Derivation of phonon weak couplings model

In the phonon weak couplings model, the coupling effects can
be considered between two interacting subsystems, such as two
different phonon groups/branches or two different structures/ma-
terials. It is noteworthy that the phonon transport in separate
subsystem is much stronger than that between the two sub-
systems. But the phonon coupling between the two subsystems still
has inescapable impact on the thermal transport in the entire
system. The theoretical derivation of PWCM in such systems is
given as follows.

It is assumed that the interaction between two subsystems is so
weak that the coupling has a negligible effect on the distribution
and phase space of phonons in each subsystem. Therefore, the
phonon distribution functions (f) in two subsystems can be sepa-
rately determined by the Boltzmann transport equation (BTE) as
follows:

vf1
vt

þ F ,Vpf1 þ v ,Vrf1 ¼
�
vf1
vt

�
c

(3-1a)

vf2
vt

þ F ,Vpf2 þ v ,Vrf2 ¼
�
vf2
vt

�
c

(3-1b)

where the subscripts 1 and 2 denote the phonons in two sub-
systems, respectively. When the system reaches steady state
without applying external force, the Eq. (3-1a) and Eq. (3-1b) can be
simplified as:

v ,Vrf1 ¼
�
vf1
vt

�
c

(3-2a)

v ,Vrf2 ¼
�
vf2
vt

�
c

(3-2b)

where the right-hand side is the collision term in each subsystem,
which includes both the scatterings inside subsystem itself and the
scatterings between two subsystems. Thus, the Eq. (3-2a) and Eq.
3

(3-2b) can be written as:

v ,Vrf1 ¼
�
vf1
vt

�
11

þ
�
vf1
vt

�
12

(3-3a)

v ,Vrf2 ¼
�
vf2
vt

�
22

þ
�
vf2
vt

�
12

(3-3b)

where the subscript 11, 22, 12 respectively denote the phonon
scatterings inside the first subsystem, the phonon scatterings inside
the second subsystem, and the phonon scatterings between the
two subsystems.

When the relaxation time approximation (RTA) is adopted for
the phonon scatterings inside each subsystem, the Eq. (3-3a) and
Eq. (3-3b) can be written as:

v ,Vrf1 ¼
�
f1 � f1;0
t11

�
11

þ
�
vf1
vt

�
12

(3-4a)

v ,Vrf2 ¼
�
f2 � f2;0
t22

�
22

þ
�
vf2
vt

�
12

(3-4b)

where f1;0 and f2;0 is the phonon distribution function inside the
two subsystems at equilibrium (the Bose-Einstein distribution f ¼
ðexpðhu=kBTÞ � 1Þ�1, respectively. t11 and t22 are the relaxation
time for the phonons inside the two subsystems, respectively.

After multiplying Eq. (3-4a) and Eq. (3-4b) by ħu, and inte-
grating over all wavevectors (q), the first terms on the right-hand
sides of Eq. (3-4a) and Eq. (3-4b) drop out because they are odd
functions with respect to all wavevectors [44]. And they are
described as:

Vr ,
X
q
Zuqvf1 ¼

X
q
Zuq

�
vf1
vt

�
12

(3-5a)

Vr ,
X
q
Zuqvf2 ¼

X
q
Zuq

�
vf2
vt

�
12

(3-5b)

Denoting J1=2 ¼ P
q
Zuqvf1=2 and vE1=2 =vt ¼ P

q
Zuqðvf1=2=vtÞ12,

then:

V , J1 ¼ �vE1
vt

(3-6a)

V , J2 ¼ �vE2
vt

(3-6b)

The phonon scatterings between the two subsystems are
responsible for the local energy exchange between the two sub-
systems. When 1=t12 is used to describe the scattering rate for the
coupling between the two subsystems, the rate of energy transfer
between the two subsystems can be described by Ref. [45]:

DE1
Dt

¼ c1ðTint � T1Þ
t12

(3-7a)

DE2
Dt

¼ c2ðTint � T2Þ
t12

(3-7b)

Tint ¼
c1T1 þ c2T2

c1 þ c2
(3-7c)

where c1 (c2) is the specific heat capacity of subsystem 1 (2), and Tint
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is the intermediate temperature that both of the two subsystems
approach.

Therefore, the rate of energy transfer is written as:

DE1
Dt

¼ c1c2ðT2 � T1Þ
t12ðc1 þ c2Þ

¼GcðT2 � T1Þ (3-8a)

DE2
Dt

¼ c1c2ðT1 � T2Þ
t12ðc1 þ c2Þ

¼GcðT1 � T2Þ (3-8b)

Gc ¼ c1c2
t12ðc1 þ c2Þ

(3-8c)

where Gc is defined as the coupling factor. Then, with the heat
diffusion equation, the Eq. (3-6a) and Eq. (3-6b) can be written as:

VJ1 ¼GcðT2 � T1Þ (3-9a)

VJ2 ¼GcðT1 � T2Þ (3-9b)

Then, the Fourier’s definition, J ¼ � kVT , is applied to rewrite
the Eq. (3-9a) and Eq. (3-9b):

�k1V
2T1 ¼ GcðT2 � T1Þ (3-10a)

�k2V
2T2 ¼ GcðT1 � T2Þ (3-10b)

Considering the one-dimensional temperature gradient, the
governing equations for coupled phonon transport states can be
written as:

�k1
d2T1
dx2

¼ GcðT2 � T1Þ (3-11a)

�k2
d2T2
dx2

¼GcðT1 � T2Þ (3-11b)

Subtracting Eq. (3-11a) from Eq. (3-11b), the temperature dif-
ference (q) between the two subsystems can be described as:

d2q
dx2

�g2q ¼ 0 (3-12)

where q ¼ T2 � T1, and g ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gcð1=k1 þ 1=k2Þ

p
.

Based on the solution of Eq. (3-12), the temperature difference
distribution is an exponential function of the position (x), and its
detailed form depends on the corresponding boundary conditions
in specific applications.

During the derivation of PWCM, it is worth noting that the
coupling between two interacting subsystems is required to be so
weak that it has a negligible effect on the distribution and phase
space of phonons in two separate subsystems. Therefore, the
requirement of weak coupling need be meet in applications of
PWCM.

Here, PWCM is derived on the base of Boltzmann transport
equation. It is worth to note that BTE is applicable to describe the
physics under the particle picture, not include explicit wave effects
[44]. So, BTE is not only applicable to diffusive transport, but also
suitable for ballistic transport under certain conditions.

There is size effect in micro/nanoscale phonon transport when
the size of structures is comparable to the mean free path of pho-
nons. For classical size effects which do not consider quantum ef-
fect, the phonon transport is largely affected by boundary
scatterings. Transport processes of classical size effects can be
treated on the basis of BTE by treating phonons as particles [44].
4

Ma et al. quantified the contribution of phonon particle and
wave effects in Si nanowires with a few nanometers in diameter
[46]. It was found that the particle effect is quite significant as well
and contributes 40% to the thermal conductivity reduction by
nanopillars. Therefore, it can be seen that the particle characteris-
tics of phonon transport still exist widely in the nanoscale
materials.

Therefore, BTE is still applicable to describe a wide range of
physical process at the micro/nano scale, as stated by Chen that
“Despite these restrictions, the Boltzmann equation is powerful and
can be applied to a wide range of problems from nanoscale to
macroscale” [44].

Besides, in bulk materials, frequent collisions occur among
phonons resulting in strong phonon-phonon couplings, which
corresponds to the diffusive characteristic. However, for low-
dimensional nanostructures, the size reaches nanoscale and a
number of phonon modes are largely reduced. Quasi-ballistic
transport is often present, which is easier to occur weaker
phonon-phonon couplings. Therefore, composite of strong and
weak couplings are presented in low dimensional materials. For
example, in two-dimensional graphene, the coupling inside the in-/
out-plane phonon groups is strong, while the coupling between
them is weak. The PWCM is applicable to describe the composite
couplings in low-dimensional materials, instead of strong cou-
plings in bulk materials.

4. Applications of PWCM

Since the PWCM embodies the advantages of clear physical
description of phonon weak coupling mechanism, it has some
important applications for better understanding of coupled ther-
mal transport in materials. Generally, the PWCM is applicable to
two situations: one is “implicit couplings” describing couplings
within a single structure, such as coupling between different
phonon groups/branches; the other is “explicit couplings”
describing couplings between two structures, such as interfacial
thermal conductance between two different materials.

4.1. Implicit couplings

In low-dimensional materials, due to the obvious difference in
properties between different phonon groups, there is weak cou-
plings between different phonon groups which has non-negligible
impact on the thermal properties. In the study of the previous work
[22], the coupling mechanism between in-plane and out-of-plane
phonon groups is revealed in nanosized graphene, a representa-
tive two-dimensional material with the highest known thermal
conductivity [47,48]. As is shown in Fig. 2, the phonons in graphene
are divided into two groups, namely in-plane (IP) group whose
vibration direction is denoted by green arrow, and out-of-plane
(OP) phonon group whose vibration direction is denoted by black
arrow. In order to exhibit the coupling interaction, the temperature
profile is shown in two different simulation regions with/without
the coupling between IP and OP groups.

The PWCM can be applied here to illustrate the essential
mechanism of coupling between different phonon groups. On the
basis of the derivation of PWCM, the temperature difference dis-
tribution between OP and IP phonon group satisfies the function
form of Eq. (3-12). According to the specific boundary condition
qjx/�∞ ¼ 0 and qjx¼0 ¼ qmax, the temperature difference distri-
bution function is written as:

q¼ qmax expðgxÞ (4-1)

The corresponding temperature difference profile is shown in



Fig. 2. Illustration of the weak coupling between in-plane (IP) and out-of-plane (OP) phonon groups in nanosized graphene from Ref. [22]. (a) Schematic illustration of molecular
dynamics simulation setup. The black (green) arrow denotes the vibration along the OP (IP) direction. (b) The temperature profile of different phonon groups, where the black color
is for OP phonon groups and the green color is for IP phonon groups. (c) The temperature difference distribution between OP and IP phonon groups. Reprinted with permission from
Ref. [22]. Copyright (2017) American Chemical Society.
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Fig. 2(c), and the distribution function is further verified by MD
simulation in the work of Ref. [22].

In this application for coupled phonon transport in graphene,
the phonon-phonon coupling factor (Gio) and coupling length (lc)
are given to characterize the coupling effect quantitatively, as given
in Eq. (4-2) and Eq. (4-3). It is worth noting that the IP-OP coupling
factor (Gio) is a representative form of the coupling factor (Gc) in the
PWCM, and Gio is found not sensitive to system size. Besides, the
physical meaning of coupling length (lc) is the distance required to
equilibrate OP and IP phonon groups when the temperature dif-
ference exists, which is denoted by the distance between the po-
sition of qmax and 5%qmax as given below:

Gio ¼
cico

tioðci þ coÞ (4-2)

lc ¼�lnð5%Þ
g

z
3
g
¼ 3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Gio

�
1
ki
þ 1

ko

�s (4-3)

This application of PWCM successfully demonstrates the weak
coupling between IP and OP phonon groups in nanosized graphene
[49e52]. Both the experimental and simulation work [53,54] have
implied the coupling of IP-OP is much weaker than that of either IP-
IP or OP-OP. It is deemed that the IP-OP coupling has a negligible
effect on the distribution and phase space of either IP or OP phonon
group. Therefore, the IP-OP coupling satisfies the premise of PWCM.
Therefore, the PWCM can be successfully applied to illustrate the
coupled thermal transport mechanism inside low-dimensional
materials, and clearly predict and explain the thermal property of
single material itself.

On the other hand, the PWCM can be also applied to reveal the
non-equilibrium characteristic between different phonon branches
or phonon modes, which is similar to the two-temperature model
used in previous works. Ruan et al. has carried out a series of
constructive works on non-equilibrium phonon transport
[43,55,56]. They developed a spectral phonon temperature (SPT)
method which could calculate the temperatures of phonons in both
real and phase spaces within the framework of molecular dynamics
5

[43]. The local non-equilibrium between the ballistic and diffusive
phonons was observed both in nanomaterials such as silicon thin
film and graphene, and cross interfaces such as graphene-graphene
junction and graphene-boron nitride planar. It was found that, in
the dimensionally mismatched interfaces, the couplings between
the acoustic phonon modes are strong on both sides but become
weaker with interfacial mixing, which introduces a new mecha-
nism of thermal interfacial resistance. Also, the interface roughness
is found to affect the coupling and non-equilibrium and shift the
thermal transport channel.

Moreover, a multi-temperature model (MTM) method was
proposed by Ruan et al. to capture the coupling between interfacial
and bulk thermal transports, which presents phonon non-
equilibrium thermal transport process at the Si-Ge interface [55].
As is shown in Fig. 3, the temperatures of different phonon
branches deviate from each other near the interface, which pre-
sents the thermal non-equilibrium due to energy re-distribution
caused by different thermal properties and transmission co-
efficients across the interface. The phonon branch-resolved tem-
perature profile was predicted by MTM, and the coupling strengths
between phonon branches were determined by using the relaxa-
tion time approximation. The non-equilibrium transport near the
interface resulted in an additional thermal resistance, which caused
that the overall interfacial thermal conductance of Si-Ge interface
using MTM was 5.4% smaller than the conventional prediction. It is
worth mentioning that non-equilibrium phonon transport is not
very significant at Si-Ge interface, which indicates that the phonon-
phonon coupling induced by Si-Ge interface is not very weak.

Besides, Ruan et al. developed a modal non-equilibrium mo-
lecular dynamics simulations to study the Si-Ge interfacial thermal
transport and modified the Landauer approach to include the in-
elastic transmission and modal thermal non-equilibrium [56]. It
was found that phonon modes were in strong thermal non-
equilibrium near the interface, where optical phonon modes
could contribute equal or more thermal conductance than the
acoustic modes due to the bridging effect. The existence of the
interfacial modes’ bridging effect could boost the inelastic transport
and even create effective four-phonon processes to help the
transmission of high-frequency phonons.

Additionally, from the view of experimental research, Sullivan



Fig. 3. Temperature profile predicted by MTM across a Si-Ge interface from Ref. [55]. Due to different interfacial transmission coefficients, the temperatures of different phonon
branches (LA, TA, LO, TO) present some deviation from each other near the interface. Phonon-phonon couplings cause the thermal non-equilibrium which results in the decrease of
interfacial conductance. Reprinted with permission from Ref. [55]. Copyright (2019) AIP Publishing.
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et al. measured the temperatures of different phonon modes in a
single layer of suspended graphene by Raman method, and found
that there was a large temperature difference between different
phonon modes which resulted in the non-equilibrium phonon
transport [42]. The experimental finding revealed the weak
coupling between optical phonons and different acoustic phonon
polarizations. The observed local non-equilibrium phonon trans-
port phenomena would have important implications for under-
standing energy dissipation mechanism in graphene-based
electronic and optoelectronic devices.

4.2. Explicit couplings

From the derivation of PWCM, there is a particle conduction
term in the space domainwhich allows the calculation of analytical
solution for the spatial temperature profiles. Hence, the PWCM
becomes an effective tool in the applications of studying the
coupling of different thermal transport channels across the in-
terfaces between different structures or materials.

There is a large number of nanoscale van der Waals interfaces in
themicroelectronics, photonics, and thermoelectric devices. A deep
understanding of thermal transport through van der Waals in-
terfaces is crucial to improve the performance of materials and
devices for effective heat dissipation. For widespread van derWaals
interfaces between two overlapped low-dimensional structures
(that is vdW cross-interfaces), the heat flows along the structure
horizontally and through the interface vertically simultaneously. It
is obvious that the thermal transport at the vdW cross-interfaces is
a two-dimensional process, which is different from the one-
dimensional thermal transport of ordinary interfaces [58e60,70].
Thus, some traditional approximation methods like point contact
treatment are not reasonable and lack the exploration for the
essential mechanism to clearly describe the thermal transport at
6

the vdW cross-interfaces [61,62]. Here, the PWCM is applicable to
illustrate the two-dimensional thermal transport process at the
vdW cross-interfaces by considering the coupling between
different thermal transport channels.

In the previous work [63], an analytical model named as cross-
interface model (CIM) which is essentially based on PWCM, is
proposed to reveal the thermal transport mechanism at the vdW
cross-interface between two structures with different thermal
conductivities. The coupling between different thermal transport
channels reasonably exhibits the two-dimensional process of
thermal transport at the vdW cross-interfaces.

As is shown in Fig. 4(a), a vdW cross-interface is schematically
represented by two ribbons with an overlapped region. Here, the
two ribbons are assumed to have different thermal conductivities
(к1 and к2) and cross section areas (A1 and A2) for universal appli-
cability. Heat source and sink are imposed on the end of top and
bottom ribbon respectively. On the basis of Eq. (3-11a) and Eq. (3-
11b) for coupled phonon transport states in previous derivation
of PWCM, the steady-state heat conduction in the two overlapped
ribbons can be described as:

k1
d2TT
dx2

A1 �GCAðTT � TBÞw¼0;0< x < LC (4-4a)

k2
d2TB
dx2

A2 þGCAðTT � TBÞw¼0;0< x < LC (4-4b)

The above governing equations also satisfy the general Fourier’
law and energy conservation. Here, the interfacial thermal
conductance (GCA) can be considered as a kind of coupling factor
(Gc) in PWCM, which characterizes the coupling effects between
two-dimensional heat flow process in two overlapped channels. By
combining Eq. (4-4a) and Eq. (4-4b), the following equations can be



Fig. 4. Application of PWCM in the vdW cross-interface between two structures with different thermal conductivities from Ref. [63]. (a) Schematic diagram of vdW cross-interface
model. (b) The dimensionless factor h in the expression of the total thermal resistance as a function of two influencing parameters, l1 and l2. Reprinted from Ref. [63] with
permission from the PCCP Owner Societies. Copyright (2019) Royal Society of Chemistry.
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obtained:

d2ðTT � TBÞ
dx2

¼g21ðTT � TBÞ;0< x< LC (4-5a)

d2ðTT þ TBÞ
dx2

¼g2ðTT � TBÞ;0< x< LC (4-5b)

where, TT and TB denote the temperatures of top and bottom rib-
bons, respectively. g1 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GCAw=k1A1 þ GCAw=k2A2
p

, g2 ¼
GCAw=k1A1 � GCAw=k2A2.

Through a series of theoretical derivation, the total thermal
resistance (Rtotal) in the system is expressed as:

Rtotal ¼
LC

k1A1 þ k2A2
þ 1

h
� 1
GCAwLC

¼ R1R2
R1 þ R2

þ 1
h
� Rinter

¼ Rintra þ
1
h
� Rinter (4-6)

R1 ¼
LC

k1A1
;R2 ¼ LC

k2A2
;Rintra ¼ R1R2

R1 þ R2
;Rinter ¼

1
GCAwLC

(4-6a)

h¼ 1
l1ðl2 tanh l1 þ coth l1Þ

; l1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1 þ R2
4Rinter

s
; l2 ¼

R1 � R2
R1 þ R2

(4-6b)

From the analytical results, the total thermal resistance (Rtotal) is
an organic combination of the intra-ribbon and inter-ribbon ther-
mal resistance (Rintra and Rinter). In traditional approximation
methods, the total thermal resistance is simply the sum of Rintra and
Rinter, which is similar to the series law of electrical resistance [64].
However, the existence of dimensionless factor (h) in Eq. (4-6) re-
veals the essential coupling relationship between the intra-ribbon
and inter-ribbon thermal transport, which exactly exhibits the
advantage of the PWCM. Furthermore, the applicability of PWCM is
validated through the comparison of the analytical results with MD
simulations for a typical vdW cross-interface of two overlapped
boron nitride nanoribbons in the work of Ref. [63].

On the other hand, the application of PWCM for vdW cross-
interfaces can be extended to assist experimental measurement
and explain theoretically the experimental results. The interfacial
thermal conductance across nanoscale van der Waals interfaces
remains poorly characterized in experiments because of technical
challenges. In the previous work [65], the PWCM as an interfacial
7

thermal transport model is combined with an experimental
approach to determine the interfacial thermal conductance (GCA)
between two individual copper phthalocyanine (CuPc) nano-
ribbons, and analyze the related influencing factors on the inter-
facial thermal transport.

As is shown in Fig. 5(a), two CuPc nanoribbons with a planar
contact bridges the suspended membranes of the measurement
device for the measurement by thermal bridge method [66,67].
Such interfaces in experiments can be abstracted into a theoretical
model as shown in Fig. 5(b), that is a vdW cross-interface between
two parallel aligned nanoribbons with an overlap length LC . Two
nanoribbons are assumed to have the same width (w), thickness (t)
and thermal conductivity (k) since they are cut from the same CuPc
nanoribbon. This theoretical model is essentially the same as the
previous model shown in Fig. 4(a), and the only difference is that
the thermal conductivity of the two structures is the same.
Therefore, similar to Eq. (4-4a) and Eq. (4-4b), the steady-state heat
conduction equations for top and bottom nanoribbons can be
written as:

k
d2TT
dx2

wtdx�GCAðTT � TBÞwdx ¼ 0 (4-7a)

k
d2TB
dx2

wtdxþGCAðTT � TBÞwdx ¼ 0 (4-7b)

Since the heat rate (q) can be calculated by integrating the heat
flux over the interface, the thermal resistance of the overlapped
region between two nanoribbons (RCC) can be derived as:

RCC ¼
TT j�LC=2 � TBjLC=2

q
¼ LC

2kwt
þ 1

h

1
wLCGCA

¼¼ Rintra þ
1
h
Rinter

(4-8)

Rintra ¼
LC

2kwt
;Rinter ¼

1
GCAwLC

; h ¼ tanh
�
gLC
2

�,
gLC
2

;
gLC
2

¼
ffiffiffiffiffiffiffiffiffiffiffi
Rintra
Rinter

s

(4-8a)

Here, the thermal resistance (RCC) is a special form of the pre-
vious thermal resistance (Rtotal) in Eq. (4-6) for the situations of two
overlapped structures with the same thermal conductivity.

In the experimental measurement, the temperature, thermal



Fig. 5. Application of PWCM in thermal transport through the van der Waals interface between two individual CuPc nanoribbons from Ref. [65]. (a) False-color SEM micrograph of
two CuPc nanoribbons with a planar contact on a suspended device for thermal measurement. (b) Schematic of two overlapped nanoribbons and the corresponding thermal circuit.
(c) The temperature distribution profiles of top and bottom nanoribbons. (d) The dimensionless factor (h) as a function of characteristic parameter (gLC2 ). Adapted with permission
from Ref. [65]. Copyright (2019) Elsevier.
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conductivity and geometric parameters of both structures can be
obtained, so the interfacial thermal conductance (GCA) can be
determined by solving Eq. (4-8). If adopting traditional approxi-
mation approach [61], the thermal resistance of the overlapped
region can be expressed as:

RCC;app ¼
LC
kwt

þ 1
wLCGCA

¼ Rintra þ Rinter (4-9)

The only difference between the analytical model based on
PWCM and approximate model is the existence of dimensionless
factor (h), which is due to the nonlinear temperature distribution
caused by the coupled thermal transport across the interface.
Fig. 5(c) shows the temperature distribution of the upper and lower
nanoribbons. The temperature distribution in the non-overlapped
region is linear, while that in the overlapped region is nonlinear
so the temperature difference does not keep constant. However, in
the approximate model, the temperature difference between two
overlapped ribbons is considered constant [61].

The dimensionless factor (h) can be considered as the heat
coupling efficiency of vdW cross-interfaces. Fig. 5(d) plots the fac-

tor (h) as a function of characteristic parameter (gLC2 ), which in-

dicates the relative ratio of Rintra and Rinter. When gLC
2 ¼ 0

(corresponding to Rintra ≪ Rinter), the factor (h) is equal to 1, indi-
cating that the analytical model coincides with the approximation
approach. However, for CuPc nanoribbons with relatively large
intrinsic thermal resistances, the factor (h) will be less than 1, even
as small as 0.48 shown by the blue dots for experimental samples.
Thus the analytical model based on PWCM is more appropriate to
determine the interfacial thermal conductance (GCA), while the
8

approximation approach will overestimate the GCA. Therefore, the
application of the PWCM theoretical model is able to reasonably
elucidate the fundamental mechanisms for the ultralow interfacial
thermal conductance observed in practical experiment
measurement.

5. Summary and outlook

In this work, on the basis of reviewing recent studies on weak
couplings between phonon and other energy carriers, a generalized
analytical model named phonon weak couplings model, is pro-
posed based on Boltzmann transport equation to reveal the
phonon-phonon weak coupling mechanism for thermal transport.
The applications of PWCM to describe recent works on phonon
couplings, are classified and demonstrated in two situations: one is
“implicit couplings” between different phonon groups/branches
within the single structure, the other is “explicit couplings” across
the vdW cross-interface between two different structures. The
merit of this work lies in the fact that the essential mechanism of
phononweak couplings is explored theoretically, and the proposed
generalized model is applied in both the single materials itself and
the composite materials with interfaces in a systematic way. Be-
sides, on the basic framework of PWCM, some physical parameters
are excavated to characterize the coupling effect quantitatively,
such as the phonon-phonon coupling factor (Gio) and coupling
length (lc) for the coupled phonon transport inside low-
dimensional materials, and the interfacial thermal conductance
(GCA) and dimensionless factor (h) for the coupled thermal trans-
port at the vdW cross-interfaces. Thus, PWCM not only provides a
new perspective to deepen the understanding of coupled thermal
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transport, but also explores feasible methods to improve the ther-
mal performance for effective thermal management.

The phonon weak couplings are not just limited to thermal
management, but also make the possibility of phonon quantum
modulation, that is, adjusting a few key eigenmodes inmodulation.
For example, Kiarash et al. utilized the characteristics of phonon
weak coupling to create a type of “phonon catalysis”, whereby only
a few phononmodes thatmattermost are targeted and deliberately
excited to accelerate a chemical reaction [69]. Thus, the speed of
chemical transformations can be controlled through phonons/
atomic vibrations, instead of traditional electronic structure, which
represents a major advance that has far reaching implications that
could spark the creation of an entirely new field. In addition, by
using a stimulus such as light (photons) or electrons to selectively
excite certain targeted phonon eigen modes, it is likely to make a
material exhibit extremely fast kinetics associated with an
extremely local high temperature, while the bulk temperature of
material remains much lower. This could provide a new avenue for
energy storage technology.

Still, the limitations of PWCM should not be overlooked. PWCM
selects the Fourier’s definition of thermal conductivity which is
independent on size and valid in macroscopic. It is acceptable for
micro/nano structures with ultra-low thermal conductivity and
short phonon mean free path. For the other nanostructures having
size-dependent thermal conductivity, the phonon coupling mech-
anism needs further deep-going investigation. It is worth noting
that, even though there is size effect in nanostructure, when the
size of nanostructure is fixed, the thermal conductivity still keeps
constant which could also use PWCM to analyze the coupling effect.
Additionally, in applications of PWCM, it requires that the couplings
between the two subsystems should be much weaker than those
inside each subsystem. However, it is difficult to quantitatively
describe the relationship. These limitations and potential research
aspirations deserve further investigations in the future.
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