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SPECIAL TOPIC — Phononics and phonon engineering
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Exploring the mechanism of interfacial thermal transport and reducing the interfacial thermal resistance are of
great importance for thermal management and modulation. Herein, the interfacial thermal resistance between overlapped
graphene nanoribbons is largely reduced by adding bonded carbon chains as shown by molecular dynamics simulations.
And the analytical model (phonon weak couplings model, PWCM) is utilized to analyze and explain the two-dimensional
thermal transport mechanism at the cross-interface. An order of magnitude reduction of the interfacial thermal resistance
is found as the graphene nanoribbons are bonded by just one carbon chain. Interestingly, the decreasing rate of the interfa-
cial thermal resistance slows down gradually with the increasing number of carbon chains, which can be explained by the
proposed theoretical relationship based on analytical model. Moreover, by the comparison of PWCM and the traditional
simplified model, the accuracy of PWCM is demonstrated in the overlapped graphene nanoribbons. This work provides
a new way to improve the interfacial thermal transport and reveal the essential mechanism for low-dimensional materials
applied in thermal management.

Keywords: phonon engineering, graphene, phonon weak couplings model, molecular dynamics
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1. Introduction
Nowadays, low-dimensional materials have aroused

widespread research interest and show great application
prospects.[1–4] Representatively, graphene, a two-dimensional
nanomaterial composed of carbon atoms with sp2 hybrid
orbital hexagonal honeycomb lattice, has received contin-
uous attention due to its many intriguing characteristics,
such as superior thermal conductivity,[5–9] strong mechan-
ical strength,[10,11] electronic properties,[12–16] and optical
transparency.[17–19] In particular, due to the superior ther-
mal conductivity (exceeding ∼ 3000 W/K·m near room
temperature[6]), graphene plays a growing significant role in
the thermal management of the next generation electronic
devices.[20–25] As a two-dimensional material, graphene has
a remarkable characteristic, that is anisotropic heat flows in
two directions: in-plane and out-of-plane. Covalent sp2 bond-
ing between the carbon atoms leads to a high in-plane thermal
conductivity, whereas the out-of-plane heat flow is limited by
weak van der Waals coupling.[26]

As an excellent material with high in-plane thermal con-
ductivity, graphene is usually applied in various ways for heat
dissipation.[27,28] For example, graphene is used as a filler
to synthesize organic compounds into polymer, which opti-

mizes the thermal properties of the organic compounds and
serves as a thermal interface material.[29–32] Besides, it is ar-
ranged in an orderly stack to synthesize macro-scale films
with high thermal conductivity for use as a heat dissipation
substrate.[33,34] In practical applications, however, these meth-
ods cannot greatly increase the thermal conductivity of the ma-
terials. The reason is that there are lots of interfaces between
the organic substance and graphene or between graphene and
graphene.[35,36] These interfaces usually have large thermal re-
sistances, which significantly affects the thermal transport in
the composite system.[37] Therefore, it is necessary to inves-
tigate the interfacial thermal transport of the graphene-based
composites.

There are a large number of nano-scale interfaces ob-
served in composites and films.[38–41] The low-dimensional
materials, like graphene,[42] carbon nanotube (CNT), and
boron nitride (BN),[39] are staggered in parallel and form
many overlapped interfaces, which are called as cross-
interfaces. Different from the unidirectional heat conduc-
tion phenomenon at the traditional interface, when the heat
flows through this interface, it is simultaneously transported
inside and between the ribbons, forming a two-dimensional
heat conduction process.[43–46] To reduce the thermal resis-
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tance of cross-interface of low-dimensional materials, several
methods have been adopted in experimental and simulation
works.[47–49] For instance, Qiu et al.[50] promoted interfacial
thermal transport by using the intriguing CNT fibers deco-
rated with Au nanoparticles as a promising platform. Liu et
al.[51] found that the junctions formed by –C2H4– molecular
groups between two graphene nanoribbons (GNRs) are effec-
tive for transmitting the out-of-plane phonon modes of GNRs.
In Xu et al.’s work,[52] polymer wrapping significantly im-
proved the interfacial thermal conductivity of the CNT inter-
faces. The polymer chains were lying along the groove be-
tween CNTs when the wrapping density was assured and as-
sisted the heat transfer process. In this work, a new and sim-
ple method is proposed to reduce the interfacial thermal resis-
tance by adding carbon chains bonded between the overlapped
graphene nanoribbons.

In previous works, thermal transport at cross-interface
was traditionally treated by point contact or by approxima-
tion methods. For instance, Yang et al. treated the total ther-
mal resistance of the cross-interface as the sum of the inter-
facial thermal resistances and the in-plane thermal resistance
with half of the overlapping length in series[53,54] (i.e., sim-
plified model, SM). Zhong et al. calculated the interfacial
thermal resistance by treating the overlapped region as a sin-
gle planar interface between coaxial hot and cold nanotubes
joined end to end.[55] Liu et al. calculated the total thermal
conductance of the overlapped region based on the Fourier
law, where the temperature difference was given by the av-
erage temperature difference.[51] In experimental works, the
total thermal resistance of a cross-interfacial sample was usu-
ally firstly measured by using a thermal bridge method,[56,57]

then one segment was removed and the other was realigned
to bridge the two membranes. From these two measurements,
the interfacial thermal resistance could be extracted.[54] Gen-
erally, these methods approximately treated the interface sys-
tem as one-dimensional thermal transport process and lacked
the accurate mechanism exploration of thermal transport at
the cross-interface. Recently, an analytical model, named as
the phonon weak couplings model (PWCM),[58] has been pro-
posed to explore the mechanism of the two-dimensional ther-
mal transport, which is classified as implicit couplings and ex-
plicit couplings. The model of explicit coupling focuses on the
cross-interface, and is also named as the cross-interface model
(CIM).[59,60]

In this work, the interfacial thermal resistance at the
cross-interface between two overlapped graphene nanoribbons
is effectively reduced through bonding carbon chains (CCs),
and the theoretical model of PWCM is applied to analyze and
explain the physical mechanism of thermal transport at the
cross-interface. Firstly, the basic idea and framework of the
PWCM theoretical model are presented and molecular dynam-

ics simulation is carried out to calculate the interfacial thermal
resistance of two overlapped graphene nanoribbons. Then, the
PWCM is applied to analyze and explain the interfacial ther-
mal resistances of the overlapped graphene nanoribbons, and
the influence of CCs’ number on the thermal transport is in-
vestigated. Lastly, the advantage of PWCM relative to the
traditional SM for thermal transport at the cross-interface is
compared and discussed. Our study not only provides a new
way to improve the interfacial thermal transport of graphene-
based composites, but also deepens the understanding of the
thermal transport at the cross-interfaces.

2. Theoretical model and simulation method
2.1. Phonon weak couplings model

The PWCM is utilized to calculate and analyze the ther-
mal transport in the overlapped graphene nanoribbons. Here,
PWCM is derived on the base of Boltzmann transport equation
(BTE). There is size effect in micro/nanoscale phonon trans-
port when the size of the structures is comparable to the mean
free path of phonons. For classical size effects which do not
consider the quantum effect, the phonon transport is greatly af-
fected by boundary scatterings. Transport processes with clas-
sical size effects can be treated on the basis of BTE by treating
the phonons as particles.[61] Moreover, from Ma et al.’s work,
it can be seen that the particle characteristics of phonon trans-
port still exist widely in the nanoscale materials.[62] Therefore,
It is worth to note that BTE is not only applicable to diffusive
transport, but also suitable for ballistic transport under certain
conditions.[61]

For such a cross-interface, the heat flows along the struc-
ture horizontally and through the interface vertically simul-
taneously. The PWCM is applicable to illustrate the two-
dimensional thermal transport process at the cross-interface
by considering the coupling effect between different thermal
transport channels. The coupling effects may be much weaker
than the phonon transport in each ribbon, but it is not negli-
gible for the thermal transport in the entire system. Referring
to the works of Feng et al.,[60] Xiong et al.,[59] and Deng et
al.,[58] the PWCM is based on Fourier’s law and energy con-
servation. In the overlapped region, the heat conduction equa-
tions for each ribbon are given below:

κ
d2TT

dx2 A−GCA (TT−TB)w = 0, 0 < x < LC, (1a)

κ
d2TB

dx2 A+GCA (TT−TB)w = 0, 0 < x < LC, (1b)

where TT and TB are the temperatures of the top and bottle
GNRs, respectively. w is the width of the GNRs and A is the
cross sectional area. GCA is the interfacial thermal conduc-
tance per unit area and κ is the thermal conductivity of the
two same GNRs. LC is the length of the overlapped region.
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Through a series of formula conversions,[60] the temper-
ature distribution functions can be obtained as follows:

TT =
1
2
(a× e−γx +b× eγx + cx+d), (2a)

TB =
1
2
(−a× e−γx−b× eγx + cx+d), (2b)

γ =
√

2GCAw/κA, (3)

where a, b, c, d are parameters and the details are shown in
the supporting information. The thermal resistance can be de-
duced as follows:

Rtotal = Rintra +
1
η
×Rinter, (4)

η =
tanh

√
Rintra/Rinter√

Rintra/Rinter
, (5)

where Rtotal is the total thermal resistance; Rintra is the intra-
ribbon thermal resistance assuming that the top ribbon and
the bottom ribbon transport heat in a parallel mode, just like
the parallel law in electrical transport; Rinter is the inter-ribbon
thermal resistance, which is the inverse of the interfacial ther-
mal conductance. And η is a factor related to the ratio of Rintra

and Rinter. The detailed explanation of the formula is shown in
the supporting information.

2.2. MD simulation method

In this work, the nonequilibrium molecular dynamics
(NEMD) is utilized to calculate the interfacial thermal resis-
tance between two overlapped GNRs.[63–65] The simulation
system consists of two same GNRs, which are overlapped in z
direction as shown in Fig. 1. Each GNR is 10.19 nm long and
3.05 nm wide, and the length of the overlapped region (LC)

is 9.21 nm. The interlayer distance between the two GNRs is
0.35 nm. Different numbers of carbon chains (CC), including
1, 3, 5, and 7, are respectively bonded between the two GNRs
cross the overlapped section. The carbon atoms in the CC are
connected alternately by single and double bonds; the CC and
GNR are bonded by sp3 bonds. The three bonds on each atom
of CC are distributed in the same plane and the bond angles are
all 120◦ initially. The CCs are evenly distributed in the width
direction of GNR. In order to ensure that the atomic layers at
both ends of the overlapped-GNRs are connected by CCs, ad-
jacent CCs are staggered by a C–C bond horizontal distance
(Lo in Fig. 1(d)) in the z direction.

In the MD simulations herein, the Tersoff potential is
employed to describe the interatomic interactions, while it
has successfully tested the thermal conductivity of GNR[64,66]

and the thermal properties of graphene.[63,67,68] The van der
Waals interactions between the two GNRs are described by the
Lenard–Jones (L–J) potential,[52] Vi j = 4ε[(σ/r)12− (σ/r)6],
ε = 0.002968 eV, σ = 3.407 Å, where ε is the depth of the

potential energy well, σ is the finite distance at which the in-
teratomic potential is zero, and r is the distance between the
atoms. The time step of all simulations is set as 0.25 fs, and
the velocity Verlet algorithm is used to integrate the discrete
differential equations of motion.[69]

All the simulations here are performed by the large-scale
atomic/molecular massively parallel simulator (LAMMPS)
packages,[70] which have been widely used to study ther-
mal transport properties at nanoscale.[71–73] In the simula-
tion structure, the size of the simulation box is 10× 10×
19.65 nm3, which is much larger than the initial volume of the
overlapped graphene. The GNR structure is firstly equilibrated
at a constant temperature for 250 ps in the canonical ensem-
ble (NVT) and then in the microcanonical ensemble (NVE)
for 100 ps. Then a layer of atoms at both ends of the structure
is fixed (yellow region in Fig. 1). Afterwards, a heat source
with a higher temperature of 320 K is applied to the atoms
in the red region and a heat sink with a lower temperature of
280 K is applied to atoms in the blue region using Langevin
thermostats. After the system reaches the steady state by per-
forming simulation for 2.5 ns, time averaging of temperature
and heat current is performed for an additional 25 ns to get
the temperature profile and the heat flux (NEMD simulation
details are given in the supplementary material). And the reli-
ability of the simulation method is verified by calculating the
thermal conductivity of the GNR sheets, which is consistent
with that in previous works[74] (related calculation details are
shown in the supplementary material).

heat source heat sink

(a)

(b)

(c) (d)w

y

z
LC

Lo
120Ο120Ο

120Ο

Fig. 1. Schematic of two overlapped graphene nanoribbons bonded by three
carbon chains: (a) top view; (b) front view; (c) side view; (d) the local
enlarged drawing of bonded carbon chains (red chains) between the two
graphene nanoribbons.

3. Results and discussion
Firstly, NEMD method is performed to obtain the temper-

ature profile of the structures, then equation (1) in the PWCM
theoretical model is used to fit the calculation results in the
overlapped section. A typical temperature profile of the inter-
face structure bonded by three CCs is presented in Fig. 2(a). It
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is seen that the results are fitted fairly well by using the PWCM
(the red line). And the coefficient of determination (R2) is
equal to 0.99829, which exhibits the good fitting quality.

Three kinds of thermal resistances are obtained through
the calculations. As shown in Fig. 2(b), with the number of
CCs increasing, the total thermal resistance (Rtotal) and inter-
ribbon thermal resistance (Rinter) decrease significantly, and
the intra-ribbon thermal resistance (Rintra) increases slowly.
When no CC is bonded, the interfacial thermal resistance is
very large because the van der Waals interaction between the
two graphene ribbons is extremely weak. The Rtotal and Rinter

for the case with no CC are equal to 7.27× 108 K/W and
7.20× 108 K/W, respectively. After one CC is bonded, the
Rtotal and Rinter are 9.25× 107 K/W and 7.40× 107 K/W, re-
spectively, which are nearly one order of magnitude lower than
those in the case with no CC. It is confirmed that covalent
bond interactions dominate in the interfacial thermal transport
which are much stronger than the van der Waals interactions. It
is noteworthy that when the number of CCs increases to three,
the thermal resistance tends to converge. This reason will be
discussed later. Moreover, the values of Rintra basically keep
the same when the number of CCs increases from one. This
indicates that the thermal conductivity of the GNR remains
unchanged with the increasing number of CC bonded in the
out-plane direction.

0 1 3 5 7

0.1

1

10

0.2 0.4 0.6 0.8

280

290

300

310

320

(b)

Number of carbon chains

R
/
1
0

8
 K
SW

-
1

Rtotal     

Rinter 

Rintra

(a)

PWCM

T
/
K

Position

Fig. 2. (a) Temperature profile of overlapped graphene nanoribbons
bonded by three carbon chains. The temperature distribution using
PWCM can fit to the simulation result as the red line. (b) Influence of
the number of carbon chains on thermal resistance at the cross-interface.

The variation of the interfacial thermal conductance per
unit area (GCA) with the number of CCs is depicted in
Fig. 3(a). When no CC is bonded, the value of GCA is

6.39× 107 W/K·m2. After one CC is bonded, the value rises
to 6.22×108W/K·m2, which is nearly one order of magnitude
higher. It is confirmed again that covalent bond interactions
greatly enhance the interfacial thermal conductance. More in-
terestingly, the interfacial thermal conductance per unit area
nearly follows a linear relationship with the number of CCs
(shown as blue line in Fig. 3(a)). This indicates that each
CC serves as an independent channel for heat conduction, and
there is little coupling between adjacent CCs.

It can be seen from Fig. 2(b) that the decreasing rate of
Rinter slows down gradually with the increasing number of
boned CCs. In order to analyze this tendency theoretically,
GCA is considered to contain two parts: one is devoted by van
der Waals interactions and the other is contributed by covalent
bond interactions. Based on these assumptions and analysis,
the interfacial thermal conductance per unit area can be given
by

GCA = N ·∆G+G0, (6)

where ∆G represents the interfacial thermal conductance per
unit area that each CC possesses and N represents the number
of CCs. Here, when N = 0 for the case without bond-chain,
GCA = G0. Therefore, G0 represents the interfacial thermal
conductance per unit area in the case without bond-chain.

0 1 3 5 7

0.6

0.7

0.8

0.9

1.0

(b)

Number of carbon chains
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Rinter/107 KSW-1

η
1
/
η

Fig. 3. (a) Interfacial thermal conductance per unit area (black hollow
dot) and dimensionless factor η (red hollow diamond) as a function of
the number of carbon chains. Blue line is the linear fitting line from
NEMD results. (b) Rtotal (black line) and 1/η (red line) as a function of
Rinter. The hollow dots show the five simulation results, and the Arabic
numerals represent the number of carbon chains.

According to Eq. (6), Rinter can be derived as

Rinter =
1

wLC ·
√

(N ·∆G+G0)
. (7)
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It can be noted that there is a roughly proportional relation-
ship (Rinter ∝ 1/

√
N) in Eq. (7). Therefore, when N further

increases, the decreasing rate of Rinter slows down and Rinter

tends to numerical convergence.
Furthermore, the relationship curve of Rtotal and Rinter is

given in Fig. 3(b). Herein, the Rintra is regarded as a constant in
Eq. (4) because it represents the intrinsic thermal resistance of
the GNR and the calculation results in Fig. 2(b) basically keep
the same when the number of CCs increases from one. The re-
sults show that when CCs’ number increases (Rinter decreases),
Rtotal decreases monotonically. Since η is a coefficient related
to Rinter according to Eq. (5), the relationship curve of 1/η and
Rinter is shown as the red line in Fig. 3(b). Although 1/η in-
creases to infinity when Rinter decreases, it cannot change the
monotonically decreasing trend of Rtotal. This can be theoret-
ically explained by that increasing the number of CCs in the
overlapped area significantly reduces the thermal resistance of
the overlapped graphene. Moreover, the simulation results of
five cases are depicted as hollow dots in Fig. 3(b). These sim-
ulation dots fall well on the theoretical curve, which confirms
the accuracy of the PWCM.

To compare between the PWCM and traditional SM, the
theoretical curves of temperature distribution using PWCM
and SM are shown in Fig. 4(a). The solid exponential curve in
the overlapped region is drawn with Eq. (1b), which shows the
temperature distribution at the cross-interface using PWCM.
The horizontal dashed line corresponds to the temperature dis-
tribution by using SM. It is known that the SM cannot present
a specific image of temperature distribution, i.e., black box.
In SM, it is considered that the total thermal resistance is a
simple series connection of intrinsic thermal resistance and
interfacial thermal resistance. As for PWCM, it can provide
a clear physical image of temperature distribution and reveal
the mechanism of the two-dimensional thermal transport at the
cross-interface. By using PWCM, the total thermal resistance
is represented by a series of intrinsic thermal resistance and
interfacial thermal resistance with a specific interacting rela-
tionship.

In order to assess the accuracy of PWCM, Rinter SM,
Rinter PWCM, and Rinter exact, which are the interfacial ther-
mal resistances calculated by SM, PWCM, and average tem-
perature difference method, respectively, are compared in
Fig. 4(b). Here, to make the description and comparison of
variables more intuitionistic, suffix is added to the subscript
of the variable Rinter to distinguish the values calculated by
these three methods. Rinter SM denotes the inter-ribbon ther-
mal resistance calculated by the simplified model. Rinter PWCM

denotes the inter-ribbon thermal resistance calculated by the
phonon weak couplings model. Rinter exact denotes the inter-
ribbon thermal resistance calculated by the ratio of the tem-
perature difference to the heat flux.

Based on idea of experimental measurements, Rinter SM

is calculated by the difference between Rtotal SM and Rintra SM.
The formula using the SM can be given as

Rinter SM = Rtotal SM−Rintra SM

=
TT|x=0−TB|x=LC

J
− LC

2κ0A
, (8)

where κ0 is the thermal conductivity of bare GNR which
means no CC is bonded between the GNRs. As for Rinter exact,
it is calculated by the ratio of the temperature difference to the
heat flux which is recognized as an accurate calculation for-
mula for solving the interfacial thermal conductivity:[47,51,55]

GCA =
J

w(T̄T− T̄B)LC
, (9a)

Rinter exact =
1

GCAwLC
, (9b)

where T̄T and T̄B denote the average temperatures of TT and
TB, respectively. It is noteworthy that although Rinter PWCM and
Rinter exact are both calculated by the idea of average tempera-
ture difference, the average temperature in Rinter PWCM is cal-
culated by integral of the fitted function while that in Rinter exact

is obtained through arithmetic mean of temperature data in the
overlapped region. Thus, a significant advantage of PWCM
over the average temperature difference method is that the the-
oretical equation of temperature distribution in the overlapped
area can be obtained, which will help explore the mechanism
of interfacial thermal transport.
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Fig. 4. (a) Theoretical curve of temperature distribution using PWCM
and SM. (b) The comparison of the interfacial thermal resistance calcu-
lated by SM, PWCM, and average temperature difference, i.e., Rinter SM
(red bar), Rinter PWCM (blue bar), and Rinter exact (green bar), respec-
tively, in five cases with different numbers of carbon chains.
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From Fig. 4(b), it can be seen that Rinter PWCM always
remains almost consistent with Rinter exact, however Rinter SM

appears some deviation compared with Rinter exact, especially
when the number of CCs increases more. The reason is that
when CC is bonded, the thermal conductivity of the GNR in
the system is no longer equal to that of bare GNR (i.e., κ0).
However, based on the idea of SM, the thermal conductivity
of bare GNR is still applied to calculate the Rinter SM and the
deviation will be more obvious when more CCs are bonded.
For PWCM, it can exhibit the two-dimensional thermal trans-
port process and obtain a clear temperature distribution profile
which make it possible to directly calculate Rinter PWCM accu-
rately. Therefore, the accuracy of PWCM relative to SM is
verified in the example of overlapped GNRs. Furthermore, the
PWCM can be used to better guide how to reduce the interface
thermal resistance of graphene-based composites by adding
the bonded carbon chains.

4. Conclusion
In summary, the interfacial thermal resistance between

overlapped graphene nanoribbons is reduced by bonding car-
bon chains through NEMD simulation, and the phonon weak
couplings model is applied to analyze and explain the interfa-
cial thermal transport mechanism. After one CC is bonded, the
interfacial thermal resistance is reduced by an order of magni-
tude because the covalent bond interactions largely enhance
the interfacial thermal transport. When more CCs are bonded,
the decreasing rate of the interfacial thermal resistance slows
down gradually, which can be explained by the proposed nu-
merical relationship between thermal resistance and number of
CCs based on PWCM, i.e., Rinter ∝ 1/

√
N. Moreover, the ad-

vantage of PWCM relative to the traditional simplified model
is demonstrated in the example of overlapped GNRs especially
when more CCs are bonded. This work can provide a valuable
guide for the design and application of graphene-based mate-
rials for effective thermal management and modulation.
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