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a b s t r a c t

Hotspot is a ubiquitous phenomenon in micro/nanoscale chips. Here, it is found that the thermal con-
ductivity is not a constant in such a homogeneous system. The hotspots in homogeneous 2D disk/3D
sphere and graphene disk are studied based on phonon Boltzmann transport equation. Instead a constant
value, a graded thermal conductivity is observed even if the system size is fixed. The mechanisms of
phonon scattering are analyzed. It is found that for a system with fixed size, the graded thermal con-
ductivity is predictable as long as there is not sufficient phonon scattering, which is independent on
material properties, dimensions or system size. This work may shed light on both theoretical and
experimental studies on heat dissipation.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

Thermal conductivity, which is a fundamental physical property
of materials, is a constant that independent of system size and
geometry in bulk materials. It is an intrinsic property that depends
only on the component of materials. Heat conduction in such ma-
terials generally follows the Fourier's law, which implies that the
heat carriers (phonons) undergo a diffusive process [1,2]. However,
as the size or dimension of the system decreases, in particular when
the size goes down to nanoscale and/or dimension is reduced to
two dimension (2D) or quasi-one dimension (1D), there is still no
rigorous mathematical proof that the Fourier's law is still valid. In
contract, many researchers discovered that the thermal conduc-
tivity is a function of size and geometry [3e14].

The underlying physical mechanisms of non-Fourier heat

conduction mainly include: First, when the size of structures is
comparable with the phononmean free path, the phonon transport
is largely affected by the boundary scattering [8,15], such that the
thermal conductivity can be altered significantly by nano-
engineering [7e11,16]. Second, a divergent thermal conductivity
with system size was found in many low dimensional momentum
conserved systems because of the existence of zero frequency and
large wave length modes [17e20]. Third, as the system size is close
or comparable to the phonon wave length, the wave nature of
phonons is non-negligible in thermal transport [21,22]. Fourth, the
possible existence of the second sound makes heat transfer like
wave propagation [23e29]. This regime is usually called phonon
hydrodynamic regime.

Most studies so far have focused on the length-dependent
thermal conductivity [3,6,8e11,19,20]. In TDTR/Raman experi-
ments of micro/nano scale heat conduction [30,31], researchers
usually used an effective thermal conductivity to fit the experi-
mental data. The quasi-ballistic thermal transport effects [32,33]
are also measured with a nanoscale heat source comparable to the
phonon mean free path [4,34e36]. The difference from Fourier's
law is just the value of thermal conductivity depends on the size of
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heat source. In these previous studies [30,31,35,36], the effective
thermal conductivity is assumed as a constant for the whole
structure and neglected the difference inside.

Recently, in a systemwith fixed size, an abnormal phenomenon
- graded thermal conductivity - the thermal conductivity in the
radial direction increases with the distance from the disk center,
has been observed in homogeneous nanoscale graphene disk and
carbon nanocone by molecular dynamics simulations [37,38]. Due
to the limitation of computational resources, the diameter of sys-
tem in previous molecular dynamics simulations [37,38] is below
25 nm. Does the graded thermal conductivity exist in a macro-
system? What is the physical understanding on the mechanisms
of graded thermal conductivity in homogeneous hotspot system?

In this work, the above mentioned questions are dicussed by
studying the graded thermal conductivity in homogeneous 2D disk/
3D sphere (Figs. 1 and 2) with a fixed macroscopic size from ultra-
low temperature to high temperature, without limiting to any
specific material. The underlying physical mechanisms are to be
analyzed by ballistic phonon transport, normal (N) scattering and
resistive (R) scattering, respectively. The general conclusion will be
exemplified by the graphene disk (Fig. 3).

The schematics of the 2D disk and 3D sphere are shown in
Fig. 1(a) and Fig. 2(a), respectively, where the radii of the inner and
outer heat baths are l and L, respectively. The temperatures of the
inner and outer heat baths are fixed at Th ¼ T0 þ DT/2 and
Tc ¼ T0 � DT/2, where DT/T0 / 0þ. The local radial thermal con-
ductivity k is calculated by

kðrÞ ¼ � qðrÞ
dT=dr

; l< r< L; (1)

where q(r) is the local heat flux, namely the heat energy flow along

the radial direction per unit area in a unit time. T(r) is the local
temperature, r is the distance from the center.

2. Model equation

The steady-state phonon Boltzmann transport equation (BTE) is
used under the Callaway model and Matthiessen's rule [2,39e42],
in which both the normal (N) scattering and resistive (R) scattering
are included.

v,Vxe ¼ t�1
R ðeeqR � eÞ þ t�1

N ðeeqN � eÞ; (2)

where e is the phonon distribution function of energy density, v is
the group velocity, x is the spatial position. The heat flux and
temperature in Eq. (1) are obtained by taking the moment of the
distribution function. eeqR and eeqN are the associated phonon equi-
librium distribution functions of energy density for R and N scat-
tering, respectively. tR and tN are the relaxation times for R and N
scattering, respectively. In the BTE simulations [2,40,42,43], the
wave nature of phonons is not taken into account [21,22]. The
distribution functions of all phonons emitting from the inner (or
outer) heat bath are eeqR ðThÞ (or eeqR ðTcÞ) [40,42]. More details of
phonon BTE and boundary conditions are shown in Supplemental
Material (SM) 1.

The phonon transport will be simulated by solving phonon BTE
numerically by the implicit discrete ordinate method [40,44]. In
simulation of 2D disk/3D sphere with a fixed macroscopic size, the
Debye approximation and gray model [2] are used, where no
phonon dispersion and polarization are considered. Note that the
heat conduction in 2D disk/3D sphere is not limited by specific
materials properties so that all physical variables are dimension-
less. The radii of inner and outer heat baths are fixed at l ¼ 0.1 and
L¼ 0.5, respectively (Figs. 1 and 2). The group velocity is |v| ¼ 1 and
the specific heat is C ¼ 1. The thermal effects of N (R) scattering on
graded thermal conductivity will be investigated by adjusting the
values of t�1

N or t�1
R .

In simulation of graphene disk (Fig. 3), the phonon dispersion
and polarization of graphene are calculated using Vienna ab initio
Simulation Package (VASP) combined with phonopy. And the ef-
fects of both frequency-dependent N and R scattering will be
considered. More details on phonon properties of graphene and
numerical solutions can be found in SM 2e3.

3. Results and discussion

The phonon transport in a homogeneous 2D disk with a fixed
macroscopic system size is studied first. When the temperature
increases from extremely low to high temperature, the phonon
transport could go through the ballistic, hydrodynamic and diffu-
sive regimes in turn [29,42,45]. In addition to numerical results, the
analytical solutions in the ballistic [43] ðt�1

R ¼ 0; t�1
N ¼ 0Þ, diffusive

ðt�1
R /∞; t�1

N ¼ 0Þ and hydrodynamic [23,24,26,27,46]

ðt�1
N /∞; t�1

R ¼ 0Þ limits are also plotted in Fig. 1 to show the
separate thermal effects of N or R scattering (Derivations of three
limits are shown in SM 4).

In the ballistic regime [15,43] (e.g., t�1
R ¼ 0; t�1

N ¼ 0:1),
phonon-phonon interaction/scattering can be totally neglected. As
shown in Fig. 1(c)(d), the temperature profile is nonlinear and the
radial thermal conductivity is not a constant anymore, instead it
depends on r. The results are consistent with the analytical solu-
tions in the ballistic limit [43,47] (see Fig. 1(b) or SM 4), i.e.,

Fig. 1. (a) Schematic of homogeneous 2D disk. (b) Asymmetric phonon transport in the
ballistic limit. For a fixed system size L ¼ 5l ¼ 0.5, the temperature profile (c) and
graded thermal conductivity (d) along the radial direction with different scattering
rates, where T*

2D ¼ ðT � TcÞ=DT , R*2D ¼ ðlnðr =lÞ � 1Þ=ðlnðL =lÞ � 1Þ, r is the distance
from the disk center. More results and details are shown in SM 4e6 and TABLE. S1.
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TðrÞ ¼ 2arcsinðl=rÞ
2p

Th þ
�
1� 2arcsinðl=rÞ

2p

�
Tc: (3)

This suggests the graded thermal conductivity, similar to what was
observed in nanodisks [37] and nanocones [38] by molecular dy-
namics simulations.

In the phonon hydrodynamic regime, R scattering is very
insufficient, and N scattering is much sufficient and dominates the
heat conduction [23,24,26e28,46,48]. It can be observed that with
the increase of t�1

N , the slopes of the numerical profiles of graded
thermal conductivity in Fig. 1(d) increase first and then decrease
gradually. As N scattering is muchmore sufficient than R scattering,
the radial temperature goes to a constant and recovers the phonon
hydrodynamic limit [23,24,26,27,46] (see SM 4), i.e.,

T ¼ lTh þ LTc
lþ L

: (4)

At high temperature, R scattering starts to dominate the heat
conduction so that phonon transport goes to the diffusive regime. It
can be observed that with the increase of t�1

R , the temperature
profile comes to linear and the graded thermal conductivity phe-
nomenon disappears. The results agree well with the analytical
solutions in the diffusive limit (see SM 4), i.e.,

dTfdln r: (5)

Physical mechanisms.dAs shown in Fig. 1, in homogeneous 2D
disk with a fixed macroscopic size, the non-Fourier's thermal
transport phenomenon depends on scattering, i.e., t�1

N and t�1
R . In

the following, the underlying physical mechanisms of phonon
scattering are discussed in details.

Ballistic.dIn the ballistic regime, phonon-phonon interaction/
scattering rarely exists. Phonon migration dominates heat con-
duction [43,48]. For any point in the interior domain, phonons
reach this point from the inner and outer thermal baths with
different directions [13,43]. Both analytical (Eq. (3)) and numerical
results predict that the temperature profile along radial direction
has a non-linear dependence on the distance r in 2D disk (Fig. 1(c)).
It is different from ballistic phonon transport in a symmetric sys-
tem, in which the temperature is a constant [15]. In the symmetric
system, all phonons emitting from one heat bath will be totally
received by the other (see FIG. S5). So that the temperature gradient
inside the system vanishes [15].

For ballistic transports in 2D disk, all phonons emitting from the
inner bath will be received by the outer bath. However, phonons
emitting from the outer heat bath will be received by both the inner
and outer heat baths (see Fig. 1(b)). That means a portion of pho-
nons are not received by the inner bath, which do not contribute to
heat flux, but contribute to local energy or temperature. The tem-
perature gradient is built by the asymmetric phonon migration,
instead of phonon-phonon scattering. Because the heat flux from
inner to outer is conserved, graded thermal conductivity can be

Fig. 2. (a) Schematic of 3D sphere. For a fixed system size (L ¼ 5l ¼ 0.5), the temperature profile (b) and graded thermal conductivity (c) along the radial direction with different
scattering rates, where T*3D ¼ ðT � TcÞ=DT , R*3D ¼ ð1 =l � 1 =r þ 1Þ=ð1 =l � 1 =L þ 1Þ, r is the distance from the sphere center. More results and details are shown in SM 4e6 and
TABLE. S2.
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observed in 2D disk in the ballistic regime (Fig. 1(d)).
Scattering.dWith the increase of temperature, phonon-phonon

scattering dominates heat transfer [48]. In this case, the thermal
effects of N scattering (t�1

N , momentum conserved) and R scattering

(t�1
R , momentum not conserved) are discussed as follows.
N scattering.dIn the phonon hydrodynamic regime, R scattering

is very insufficient and N scattering dominates the phonon trans-
port. N scattering does not cause thermal resistance
[23,24,26e28,46], but affects energy distribution and temperature
profile. When N scattering is insufficient ðt�1

N � 10Þ, the graded
thermal conductivity is attributed to inhomogeneous scattering
(Fig. S9). This means that, because the hotspot blocks phonon's
transport and affects phonon scattering, the N scattering is less
near the hotspot, which limits the exchange of thermal energy.
Instead, N scattering is more sufficient far from the center. As
t�1
N [10, the N scattering is very sufficient inside the whole
domain and goes to a constant temperature profile [23,24,46] (Eq.
(4)), namely, graded thermal conductivity disappears. In a word, it
can be observed that as N scattering increases, the graded thermal
conductivity phenomenon increases first, and then fades away
(Fig. 1(d)).

R scattering.dAt high temperature, R scattering starts to play the
leading role on heat conduction. Different from N scattering, R
scattering does not conserve momentum, and causes thermal
resistance [1,48]. With the increase of R scattering, the frequent
energy exchange and heat dissipations decrease the temperature

jump near the heat baths [43] (Fig. S7). When R scattering is suf-
ficient enough (e.g., t�1

R � 10), there is a larger thermal resistance.
And the heat conduction is close to or falls in the diffusive regime
regardless of the strength of the N scattering. In the diffusive
regime, Fourier's law is valid, so that there are a linear temperature
profile and a constant thermal conductivity (Fig. 1(d)). In other
words, in a structure with sufficient R scattering, no graded thermal
conductivity appears.

Graded thermal conductivity.dMotivated by previous studies
[37,38], an experimental formula of graded thermal conductivity is
used to fit the numerical data approximately (Fig. 1(d)), i.e.,

kðrÞ ¼ k0
�
R*2D

�a
; R*2D ¼ lnðr=lÞ � 1

lnðL=lÞ � 1
; (6)

where k0 is a constant, R*2D is the normalized coordination in 2D
disk and a is the graded rate [37,38]. The detailed fitting parameters
can be found in SM 5 and TABLE. S1. So that for a fixed disk size,
there is no more homogenous value of thermal conductivity,
instead a graded increasing thermal conductivity from the disk
center to the outer.

For a given 2D disk with a fixed macroscopic size, the above
results (Fig. 1) and analysis show that the graded thermal con-
ductivity depends on the amount of phonon scattering. When
phonon scattering is not sufficient and t�1

N and t�1
R are small, the

temperature profiles are nonlinear and graded thermal

Fig. 3. The temperature profile and thermal conductivity in graphene disk [37]. (a) (b) Fixed size L ¼ 20 mm. (c) (d) Fixed T0 ¼ 300 K. More results and details are shown in SM 4e6
and TABLE. S3 and S4.
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conductivity appears. In the ballistic regime, the graded thermal
conductivity is caused by the asymmetric phonon migration [43]
due to the spatial asymmetry of 2D disk as mentioned in Fig. 1(b)
(or FIG. S5) and preceding paragraph (see ballistic). As the phonon-
phonon scattering increases, the energy and momentum exchange
among phonons break the asymmetric phonon migration gradu-
ally. However, the effects of N and R scattering on graded thermal
conductivity are quite different (Fig. 1(d)). With the increase of t�1

N
(see N Scattering), the graded phenomenon is enhanced first and
then fades away due to diverging thermal conductivity [23,24,46].
As t�1

R increases (see R Scattering), the graded phenomenon fades
away gradually.

3D sphere.dDoes the graded thermal conductivity exist in 3D
structures with a fixed macroscopic size? In order to look for the
answer, the radial thermal conduction in a 3D sphere (Fig. 2(a)) is
also investigated. The numerical results in different regimes are
shown in Fig. 2(b)(c). It is found that the temperature profiles and
thermal conductivities in 3D sphere are similar to those in the 2D
disk. In addition, an exponential function of graded thermal con-
ductivity is also used to fit the numerical data approximately
(Fig. 2(c)), i.e.,

kðrÞ ¼ k0exp
�
gR*3D

�
; R*3D ¼ 1=l� 1=r þ 1

1=l� 1=Lþ 1
; (7)

where R*3D is the normalized coordination in 3D sphere and g is a
coefficient. The detailed fitting parameters can be found in SM 5
and TABLE. S2. Therefore, the graded thermal conductivity can
appear in both 2D and 3D homogeneous hotspot systemswith fixed
macroscopic sizes.

Besides, the dimensional analysis [49] and more results of 2D
disk/3D sphere are shown in SM 8.

Graphene disk.dGraphene, a very excellent thermal conductor
widely studied [6,31,37], is picked up to illustrate .

Firstly, the size of graphene disk is fixed at L ¼ 20 mm and
l¼ 4 mm. Then, the temperature T0 is decreased gradually, as shown
in Fig. 3(a)(b). As the temperature is changed from 300 K to 10 K, it
can be observed that graded thermal conductivities and non-Fou-
rier's phenomenon happen, which can be explained that the R
scattering becomes insufficient, and the N scattering starts to
dominate the heat transfer [26,27,40] as the temperature decreases.
At T0 ¼ 20 K, the normalized temperature near the inner heat bath
is even smaller than that in the ballistic limit, which is impossible if
N scattering is insufficient. At ultra-low temperature (10 K), ballistic
phonon transport dominates heat conduction so that the temper-
ature profile recover the analytical solutions in the ballistic limit.

Secondly, the temperature of graphene disk is fixed at 300 K.
Then, the system size L is decreased, as shown in Fig. 3(c)(d), where
L ¼ 5l. It can be observed that as system size decreases, the thermal
conductivity along the radial direction is not a constant. Because as
system size decreases, the ballistic phonon transport starts to play
an important role on heat conduction [4,48,50e52]. It is noted that
as the size of graphene disk is tens of nanometers, the graded
thermal conductivity has been predicted by molecular dynamics
[37,38], which is beyond the applications of phonon BTE [2]. Ac-
cording to the results of graphene disk (Fig. 3), it can be concluded
that graded thermal conductivity occurs at low temperature or for a
small sized system, which are consistent with the results in 2D
disk/3D sphere.

4. Summary and conclusion

The graded thermal conductivity in homogeneous 2D disk/3D
sphere and graphene disk with a spot heat source at the center is

studied by using the phonon Boltzmann transport equation. The
results show that, for a homogenous hotspot systemwith fixed size,
as long as phonon scattering is not sufficient, the thermal con-
ductivity becomes inhomogeneous, namely, it increases from the
center to the outer. This study may inspire a better understanding
thermal transport of hotspots in electronics and chips.
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1. Phonon Boltzmann transport equation

In this section, the stationary phonon Boltzmann transport equation (BTE) under the Callaway’s dual

relaxation model [1, 2, 3, 4] is introduced in detail.

This model equation is [1, 2, 5, 6, 3, 4, 7],

v · ∇f =
feqR − f
τR

+
feqN − f
τN

, (S1)

where f = f(x,K, ω, p) is the phonon distribution function, x is the physical position, K is the wave vector

and assumed to be isotropic, i.e., K = |K|s, s is the unit directional vector, ω is the angular frequency,

v = ∇Kω is the group velocity, p is the phonon polarization. The left side of Eq. (S1) represents the phonon

migration and the right side of Eq. (S1) is the phonon scattering term [8], which is composed of two parts:

the first part is the momentum destroying resistive (R) scattering and the second part is the momentum

conservation normal (N) scattering [5, 6, 3]. τR is the effective relaxation time of the R scattering, which is

a combination of all momentum destroying phonon scattering except the boundary scattering based on the

Mathiessen’s rule [9]. feqR is the associated equilibrium state of the R scattering and satisfies Bose-Einstein

distribution [9], i.e.,

feqR (T ) =
1

exp
(

~ω
kBT

)
− 1

, (S2)

where kB and ~ are the Boltzmann constant and Planck constant reduced by 2π, T is the temperature.

Different from R scattering, the N scattering satisfies the momentum conservation. Its displaced equilibrium
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distribution function and the effective relaxation time are feqN and τN , respectively, where

feqN (T,u) =
1

exp
(

~ω−~K·u
kBT

)
− 1

, (S3)

where u is the drift velocity.

Usually, the phonon BTE (Eq. (S1)) can be rewritten into a deviational energy form as below

v · ∇e =
eeqR − e
τR

+
eeqN − e
τN

, (S4)

where the associated deviational distribution functions of energy density are [4, 3]

e =
~ωD(f − feqR (T0))

A
, (S5)

eeqR =
~ωD(feqR − f

eq
R (T0))

A
, (S6)

eeqN =
~ωD(feqN − f

eq
R (T0))

A
, (S7)

where T0 is the reference temperature, D(ω, p) is the phonon density of state [9, 3]. In 2D systems, A = 2π,

D = |K|/ (2π|v|), in 3D systems, A = 4π, D = |K|2/
(
2π2|v|

)
.

In this study, assuming a small temperature difference and a small drift velocity, i.e., ∆T/T0 � 1,

K · u� ω, so that the equilibrium distribution function can be linearized, i.e.,

eeqR (T ) ≈ C (T − T0) /A, (S8)

eeqN (T,u) ≈ C (T − T0) /A+ CT
K · u
Aω

, (S9)

where C = C(ω, p, T0) is the mode specific heat at T0, i.e.,

C(ω, p, T0) = A
∂eeqR
∂T

∣∣∣∣
T=T0

. (S10)

The local deviational energy E, local temperature T and local heat flux q can be updated by taking the

moment of the distribution function, i.e.,

E =
∑
p

∫ ∫
edΩdω, (S11)

T = T0 +

∑
p

∫ ∫
edΩdω∑

p

∫
Cdω

, (S12)

q =
∑
p

∫ ∫
vedΩdω, (S13)

where dΩ and dω are the integral over the whole 2D (or 3D) solid angle space and frequency space.

The N and R scattering satisfy the energy conservation, i.e.,

0 =
∑
p

∫ ∫
eeqN (TN )− e

τN
dΩdω, (S14)

0 =
∑
p

∫ ∫
eeqR (TR)− e

τR
dΩdω, (S15)

2



where TR and TN are local pseudotemperatures, which are introduced to ensure the conservation principle

of the phonon scattering. In addition, the N scattering satisfies the momentum conservation, i.e.,

0 =
∑
p

∫ ∫
K

ω

eeqN (TN ,u)− e
τN

dΩdω. (S16)

Based on Eqs. (S14), (S15) and (S16), the macroscopic variables TR, TN and u can be obtained,

TR = T0 +

(∑
p

∫ ∫
edΩ

τR
dω

)
×

(∑
p

∫
C

τR
dω

)−1

, (S17)

TN = T0 +

(∑
p

∫ ∫
edΩ

τN
dω

)
×

(∑
p

∫
C

τN
dω

)−1

, (S18)

u =
B

TN
∑
p

∫ |K|2
ω2

C
τN
dω

∑
p

∫ ∫
K

ω

e

τN
dΩdω, (S19)

where B = 2 for two-dimensional materials and B = 3 for three-dimensional materials. Please note that the

drift velocity is nonzero in the hydrodynamics regime [1, 10, 11, 2, 3, 4].

In addition, boundary conditions also play an indispensable role on thermal conduction. Here, the

thermalizing boundary condition [12, 4, 3] is used to deal with the inner and outer heat baths with a fixed

temperature Tw, i.e.,

e(xb, s) = eeqR (Tw) (or f(xb, s) = feqR (Tw)), s · nb > 0, (S20)

where nb is the unit normal vector of the boundary xb pointing to the computational domain. Equation (S20)

indicates that the distribution functions of all phonons emitting from the inner (outer) heat bath are eeqR

with fixed heat bath temperature Th (Tc) [3, 4].

Based on Eqs. (S12) and (S13), the local thermal conductivity along the radial direction in homogeneous

2D disk/3D sphere can be obtained, i.e.,

κ(r) = − q(r)

dT/dr
, l < r < L, (S21)

where q(r) is the local heat flux, namely, the heat energy flow along the radial direction per unit area in a

unit time. r is the distance from the center in homogeneous 2D disk/3D sphere. Then the graded thermal

conductivity in 2D disk/3D sphere in the ballistic, diffusive and phonon hydrodynamic [2, 7, 13, 11, 6, 5]

regimes can be investigated numerically based on phonon BTE.

2. Phonon dispersion and scattering in graphene

The phonon dispersion and polarization of graphene are calculated using Vienna ab initio Simulation

Package (VASP) combined with phonopy. The supercell size for both second and third order force constant

calculation is 5× 5× 1. The numbers of mesh points for reciprocal space sampling are 151 × 151× 1. The

phonon-phonon interaction and related properties can be calculated using phono3py. The phonon dispersion
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Figure S1: The phonon dispersion of graphene along Γ-M direction.

of graphene along Γ-M direction is shown in Fig. S1. The associated phonon N/R scattering rates along Γ-M

direction in different temperatures are shown in Fig. S2, where the natural abundance of graphene is 1.1%

13C.

In our present simulations, we need to discretize the whole spatial space and wave vector space to

calculate the spatial distributions of the temperature and heat flux with finite system size. In order to

reduce the computational amount, the isotropic wave vector space is assumed to save computational time.

The phonon dispersion and thermal properties (Fig. S1,Fig. S2) of graphene along Γ-M direction are used

, which is accurate enough to predict the thermal conductivity of graphene in a wide temperature range.

The associated thermal conductivity of graphene in different temperatures are shown in Fig. S3, where the

system size is infinite. The thermal conductivity predicted by Callaway’s model is 2674 W/(m·K) and 17095

W/(m·K) in 300 K and 100 K, respectively.

3. Numerical solutions

The implicit discrete ordinate method (DOM) [3, 14] is used to solve the steady BTE, respectively. To

ensure the numerical accuracy, enough cells are used to discrete the high-dimensional phase space.

In 2D disk, the spatial space is discretized with 200×200 uniform cells and the vanLeer limiter is used to

ensure stability. For the solid angle space, we set s = (cos θ, sin θ), where θ ∈ [0, 2π] is the polar angle. Due

to symmetry, the θ ∈ [0, π] is discretized with the Nθ-point Gauss-Legendre quadrature. The total number

of the discretized directions is 2Nθ. In our 2D simulations, we set Nθ = 50. In graphene disk, the discretized

cells and directions are the same as those in 2D disk. The discretized phonon dispersion and polarization

are shown in Fig. S1 and the mid-point rule is used for the numerical integration of the frequency space.

In 3D sphere, the spatial space is discretized with 200× 200× 200 uniform cells and the vanLeer limiter

is used, too. For the solid angle space, s = (cos θ, sin θ cosϕ, sin θ sinϕ), where θ ∈ [0, π], ϕ ∈ [0, 2π] is

the azimuthal angle. The cos θ ∈ [−1, 1] is discretized with the Nθ-point Gauss-Legendre quadrature, while

the azimuthal angular space ϕ ∈ [0, π] (due to symmetry) is discretized with the
Nϕ

2 -point Gauss-Legendre

4



0 5 10 15

x 10
9

10
0

10
5

10
10

10
15

Wave vector (1/m)

S
ca
tt
er
in
g
(1
/
s)

(a)

0 5 10 15

10
9

10
0

10
5

10
10

10
15

(b)

0 5 10 15

x 10
9

10
0

10
5

10
10

10
15

Wave vector (1/m)

S
ca
tt
er
in
g
(1
/s
)

(c)

0 5 10 15

x 10
9

10
0

10
5

10
10

10
15

Wave vector (1/m)

S
ca
tt
er
in
g
(1
/s
)

(d)

Figure S2: Phonon N/R scattering rates of graphene (natural abundance) along Γ-M direction in different temperatures, where
the red circles represent R scattering rates and the blue squares represent N scattering rates. (a) 10 K, (b) 20 K, (c) 100 K,
(d) 300 K.
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Figure S3: Thermal conductivity of graphene in different temperatures, where the system size is infinite. The symbols are
the present results and the lines are the data obtained from Cepellotti’s paper [5]. Exact represents the variational solution
of phonon BTE under ab initio full scattering kernel [5], SMART represents the solution of Phonon BTE under single mode
relaxation time approximation, Callaway represents the solution of Phonon BTE under Callaway’s model [3, 7].
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quadrature. In our 3D simulations, we set Nθ ×Nϕ = 24× 24 or 36× 36.

4. Analytical solutions of the phonon BTE in the ballistic, diffusive and hydrodynamic limits

The separate thermal effects of normal (N) scattering and resistive (R) scattering on graded thermal

conductivity are investigated. The analytical solutions in three limits at steady state are derived based on

phonon BTE (Eq.(S4)) with rigorous mathematical derivations:

1. ballistic limit (No N scattering, no R scattering),

2. diffusive limit (No N scattering, very frequent R scattering),

3. phonon hydrodynamic limit [2, 7, 13, 11, 6, 5] (No R scattering, very frequent N scattering).

Without special statements, the Debye approximation and gray model [9, 11] are used, i.e., |v| = ω/|K|.

The Knudsen number is introduced and defined as the ratio between the phonon mean free path λ = |v|τ

to the diameter of outer heat bath (2L), i.e., Kn = λ/2L, where τ−1 = τ−1
N + τ−1

R . First, we derive the

analytical solutions in 2D polar systems. Then the mathematical derivations in 3D spherical systems are

similar and straightforward.

4.1. 2D disk

As the system size is much smaller than the phonon mean free path, i.e., Kn→∞, the heat conduction is

in the ballistic regime [12, 15] and there is rare phonon-phonon intrinsic scattering. Equation (S4) at steady

state in the ballistic regime can be written as follows

v · ∇e = 0, (S22)

which indicates that the phonon distribution function inside the system is independent of the physical

position x. As shown in Figs. S4 and S5, for an arbitrary point P inside the system (|OP | = r), it can be

found that when all phonons with arbitrary directions transporting through P , only a portion of them come

from the inner hot heat bath with eeqR (Th) (between the angle formed by line PP1 and PP2), while the other

come from the outer cold heat bath with eeqR (Tc). Based on Eqs. (S12) and (S11), taking an integral of the

distribution function in position P over the whole solid angle spaces leads to the temperature at P (r) [12, 15],

i.e., (Fig. S5)

T (r) =
β

2π
Th +

(
1− β

2π

)
Tc, (S23)

where β = 2 arcsin(l/r). Note that if l/L → 1, l/r → 1 and β → π. So that Eq. (S23) goes to a constant

temperature, which is consistent with the results in the ballistic limit in symmetric system [16]. A comparison

of the ballistic phonon transport in symmetric and asymmetric system is shown in Fig. S5. It can be found

that the non-zero temperature gradient in the asymmetric system is built by asymmetric phonon migration,

rather than phonon-phonon scattering.
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Figure S4: Heat conduction in homogeneous 2D disk in the ballistic limit at steady state. O is the center of the geometry. The
radii of the inner and outer heat baths (or boundaries) are l, L, respectively. The temperatures of the inner and outer heat
baths (boundaries) are set Th and Tc. Lines PP1 and PP2 are tangent to the inner heat bath. β = 2 arcsin(l/r), where r is the
distance from the disk center (|OP |).

Similarly, the heat flux along the radial direction is

q(r) · n =

∫ β

0

|v| cos ζ (eeqR (Th)− eeqR (Tc)) dζ

=
2l

r
|v| (eeqR (Th)− eeqR (Tc))

=
l

πr
|v|C (Th − Tc) , (S24)

where n is the unit normal vector along the radial direction pointing from the inner to the outside. Then

the thermal conductivity along the radial direction in the ballistic limit can be obtained by

κ(r) = −q(r) · n
dT/dr

= C|v|
√

(r2 − l2). (S25)

As the system size is much larger than the phonon mean free path, i.e., Kn → 0, here the phonon

transport in the diffusive and phonon hydrodynamic limits [2, 7, 13, 11, 6, 5] are considered:

1. Heat conduction is in the diffusive limit (No N scattering, frequent R scattering).

2. Heat conduction is in the phonon hydrodynamic limit (No R scattering, frequent N scattering).

When there is no N scattering τ−1
N = 0 and frequent R scattering happens, the phonon BTE (Eq.(S4))

becomes

v · ∇e =
eeqR − e
τR

, (S26)

and the heat conduction is in the diffusive limit. The distribution function can be approximated by the

first-order Chapman-Enskog expansion as

e ≈ eeqR − τRv · ∇e
eq
R . (S27)
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Figure S5: Ballistic phonon transport in (a) symmetric system [16] and (b) asymmetric system [17, 12] with two thermal baths
(Th, Tc). Based on isothermal boundary conditions (Eq. (S20)), the distribution functions of all phonons emitting from the hot
and cold heat baths are eeqR (Th) and eeqR (Tc), respectively [3, 4]. For an arbitrary position P in the interior domain, phonons
going through this position come from the hot and cold thermal baths with different directions [17, 12]. (a) In the symmetric
system, all phonons emitting from one heat bath will be totally received by the other. So that the temperature inside the
system is a constant [16]. (b) In asymmetric system, for all phonons with arbitrary directions transporting through P , only a
portion of them come from the hot heat bath with eeqR (Th), while the other come from the cold heat bath with eeqR (Tc). So that
the local temperature (Eq. (S23)) is not a constant, but related to β = 2 arcsin(l/r) (Fig. S4), where r is the distance between
the disk center and position P .

Then we have

q =

∫
2π

vedΩ

= −
∫

2π

vτRv · ∇eeqR dΩ

= −τRC|v|
2

2π

∫
2π

ss · ∇TdΩ

= −1

2
τRC|v|2∇TdΩ,

= −κdiffusive∇T, (S28)

where κdiffusive = 1
2τRC|v|

2. Due to the energy conservation, the total heat flux Q(r) across the circle with

radius r at steady state is a constant, where Q = 2πrq · n. Then we have

constant = −2πrκdiffusivedT/dr

=⇒ constant = − 1

dT/d(ln r)

=⇒ dT ∝ d(ln r). (S29)

When there is no R scattering τ−1
R = 0 and frequent N scattering happens, the phonon BTE (Eq.(S4))
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becomes

v · ∇e =
eeqN − e
τN

, (S30)

and the heat conduction is in the phonon hydrodynamic limit [7, 13, 11, 6, 5]. Due to energy and momentum

conservation of N scattering [7, 13, 11], taking zero- and first- orders of moments of Eq. (S30) lead to∫
2π

v · ∇edΩ = 0, (S31)∫
2π

vv · ∇edΩ = 0. (S32)

A zero-order approximation of the distribution function is made, i.e.,

e ≈ eeqN . (S33)

So that Eq. (S32) becomes ∫
2π

vv · ∇eeqN dΩ = 0, (S34)∫
2π

|v|2ss · ∇
(
C(T − T0)

2π
+
CT

2π

s · u
|v|

)
dΩ = 0, (S35)∫

2π

|v|2ss · ∇
(
C(T − T0)

2π

)
dΩ = 0, (S36)

=⇒ ∇T = 0. (S37)

In other words, in the phonon hydrodynamic limit [7, 13, 11, 6, 5], the spatial divergence of temperature is

zero. Namely, in homogeneous 2D disk, the temperature along the radial direction is a constant [11, 6, 5].

Considering the symmetry, the direction of the drift velocity u is along the radial direction, i.e., |u| = u·n.

When l < r < L, the total heat flux Q(r) across the circle with radius r is

Q(r) = 2πrn · q

= 2πrn ·
(∫

2π

veeqN dΩ

)
= 2πrn ·

(∫
2π

v
CT

2π

|K|s · u
ω

)
= CT (r)rn ·

∫
2π

ss · udΩ,

= πCrT (r)|u(r)|. (S38)

Combining the boundary conditions, i.e., Eq. (S20), when r → l,

Q(r) = 2πln ·
(∫

s·n>0

veeqR (Th)dΩ +

∫
s·n<0

veeqN dΩ

)
= 2lC|v|Th − 2lCT (r)|v|+ π

2
CT (r)l|u(r)|. (S39)
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When r → L,

Q(r) = 2πrn ·
(∫

s·n<0

veeqR (Tc)dΩ +

∫
s·n>0

veeqN dΩ

)
= −2LC|v|Tc + 2LC|v|T (r) +

π

2
CT (r)L|u(r)|. (S40)

In addition, based on the energy conservation, Q(r) is a constant at steady state. Combining above four

equations, we have

T =
lTh + LTc
l + L

, (S41)

|u(r)| = 4|v|lL (Th − Tc)
rπ (lTh + LTc)

. (S42)

0 0.5 1

0.2

0.4

0.6

0.8

1

Figure S6: Numerical validation of Eq. (S42) in the phonon hydrodynamic regime in 2D disk model, where τ−1
R = 0, r∗ =

lg(r/l)/ lg(L/l), u∗ = (uT0)/(|v|∆T ), u is the phonon drift velocity along the radial direction. Symbols: numerical solutions
with different N scattering rates. Black line: analytical solutions (S42).

4.2. 3D sphere

For thermal conduction in 3D concentric sphere, the mathematical derivations are similar and straight-

forward. Similarly, the analytical solutions in 3D spherical systems can be derived:

In the ballistic limit,

T =
Th
2

(
1−

√
1− l2/r2

)
+
Tc
2

(
1 +

√
1− l2/r2

)
, (S43)

κ(r) =
C|v|

2

√
r2 − l2. (S44)

In the diffusive limit,

dT ∝ d(r−1), (S45)

κ(r) =
1

3
C|v|2τR. (S46)
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Table S1: Fitting parameters of Eqs. (S53) and (S57) in 2D disk with fixed system size L = 5l = 0.5 (FIG. 1 in the manuscript).

(τ−1
R , τ−1

N ) κ0 α (Tin − Tc)/(Th − Tc) (Tout − Tc)/(Th − Tc)
(0.1, 10) 4.8 5.0 0.3 0.13

Table S2: Fitting parameters of Eqs. (S63) and (S65) in 3D sphere with fixed system size L = 5l = 0.5 (FIG. 2 in the
manuscript).

(τ−1
R , τ−1

N ) κ0 γ (Tin − Tc)/(Th − Tc) (Tout − Tc)/(Th − Tc)
(0.1, 10) 0.008 5.5 0.23 0.029

In the phonon hydrodynamic [7, 13, 11, 6, 5] limit,

T =
l2Th + L2Tc
l2 + L2

. (S47)

4.3. Graphene disk

If considering the phonon dispersion of graphene disk [18, 6, 5], the analytical solutions are similar to

those in 2D disk. In the ballistic limit,

T (r) =
β

2π
Th +

(
1− β

2π

)
Tc (S48)

κ(r) =
√

(r2 − l2)
∑
p

∫
(|v|C) dω. (S49)

In the diffusive limit,

dT ∝ d(ln r), (S50)

κ(r) =
1

2

∑
p

∫
C|v|2τRdω. (S51)

In the phonon hydrodynamic limit [7, 13, 11, 6, 5],

T =
lTh + LTc
l + L

. (S52)

5. Graded thermal conductivity

In this section, the experimental formulas of graded thermal conductivity in 2D disk/3D sphere are used

to fit the numerical data approximately.

In 2D/graphene disk [19, 20], the experimental formula is,

κ(r) = κ0 (R∗2D)
α
, R∗2D =

ln(r/l)− 1

ln(L/l)− 1
, (S53)

Table S3: Fitting parameters of Eqs. (S53) and (S57) in graphene disk with fixed system size L = 20 µm, l = 4 µm (FIG.
3(a)(b) in the manuscript).

T0 (K) κ0

(W/(m·K))
α (Tin − Tc)/(Th − Tc) (Tout − Tc)/(Th − Tc)

20 11000 3.8 0.38 0.12
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Table S4: Fitting parameters of Eqs. (S53) and (S65) in graphene disk with fixed temperature T0 = 300 K, where L = 5l (FIG.
3(c)(d) in the manuscript).

L (µm) κ0

(W/(m·K))
α (Tin − Tc)/(Th − Tc) (Tout − Tc)/(Th − Tc)

0.5 3000 2.0 0.53 0.16

where κ0 is a constant for a fixed case, R∗2D is the normalized coordination and α is the graded rate [19, 20].

In the non-diffusive regime, there is temperature jump near the heat source or heat sink. To remove this

effect, here we ignore the spatial domain near the heat source or sink, for example, R∗2D ∈ [0.4, 0.85].

Based on the energy conservation, the associated temperature distributions along the radial direction can

also be derived based on (S53), i.e.,

2πrκ
dT

dr
= constant,

⇒ 2πκ
dT

d ln(r)
= constant,

⇒ κ0 (R∗2D)
α dT

d ln(r)
= constant,

⇒ (R∗2D)
α dT

d(R∗2D)
= constant. (S54)

When α 6= 1, Eq. (S54) becomes

dT

d ((R∗2D)1−α)
= constant. (S55)

When α = 1, Eq. (S54) becomes

dT

d (ln(R∗2D))
= constant. (S56)

When R∗2D = 0.4, the temperature is set as T = Tin, and when R∗2D = 0.85, the temperature is set as

T = Tout, where Tin and Tout are two coefficients obtained from phonon BTE. Then we can get the solutions

of temperature along the radial direction based on Eqs. (S55) and (S56), i.e.,

T (R∗2D) = c1(R∗2D)1−α + c2, α 6= 1, (S57)

T (R∗2D) = c3 ln(R∗2D) + c4, α = 1, (S58)

where

c1 =
Tout − Tin

0.851−α − 0.41−α , (S59)

c2 = Tin −
Tout − Tin

2.1251−α − 1
, (S60)

c3 =
Tout − Tin

ln 2.125
, (S61)

c4 = Tin −
Tout − Tin

ln 2.125
∗ ln(0.4). (S62)
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In 3D sphere, the experimental formula is,

κ(r) = κ0 exp (γR∗3D) , R∗3D =
1/l − 1/r + 1

1/l − 1/L+ 1
, (S63)

where R∗3D is the normalized coordination in 3D sphere and γ is a constant for a fixed case. Here we ignore

the spatial domain near the heat source or sink, for example, R∗3D ∈ [0.2, 0.8].

Based on the energy conservation, the associated temperature distributions along the radial direction can

also be derived based on (S63), i.e.,

4πr2κ
dT

dr
= constant,

⇒ κ0 exp (γR∗3D)
dT

d(1/r)
= constant,

⇒ exp (γR∗3D)
dT

d(R∗3D)
= constant,

⇒ dT

d (exp(−γR∗3D))
= constant. (S64)

When R∗3D = 0.2, the temperature is set as T = Tin, and when R∗3D = 0.8, the temperature is set as

T = Tout, where Tin and Tout are two coefficients obtained from phonon BTE. Then we can obtain the

temperature along the radial direction based on Eq. (S64), i.e.,

T (R∗3D) = c5 exp (−γR∗3D) + c6, (S65)

where

c5 =
Tout − Tin

exp (−0.8γ)− exp (−0.2γ)
, (S66)

c6 = Tin −
Tout − Tin

exp (−0.6γ)− 1
. (S67)

The detailed fitting parameters of the graded thermal conductivity (FIG. 1-3 in the manuscript) are

shown in TABLE S1,S2,S3,S4, respectively.

6. Spatial distributions of the temperature in the whole domain

In the non-diffusive regime, there is temperature jump near the heat source or heat sink. In order

to remove the temperature jump effect, we ignore the spatial domain near the heat source or sink in the

manuscript (Fig. 1-3). In this supplemental materials, the spatial distributions of the temperature in the

whole domain are plotted to show the temperature jump at the heat sink/heat source, as shown in Fig. S7

and Fig. S8.

7. Inhomogeneous phonon scattering

When (τ−1
R , τ−1

N ) = (0.1, 10.0) in 2D disk model, the graded thermal conductivity is attributed to inho-

mogeneous scattering. This means that, because the hotspot blocks phonon’s transport and affects phonon
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Figure S7: The spatial distributions of the temperature along the radial direction in 2D disk and 3D sphere model (Corresponding
to Fig. 1c and Fig. 2b in the manuscript).

(a) Fix size, change temperature (b) Fix temperature, change size

Figure S8: The spatial distributions of the temperature along the radial direction in graphene disk (Corresponding to Fig. 3a
and Fig. 3c in the manuscript).
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scatterings, the N scattering is less near the hotspot, which limits the exchange of thermal energy. Instead,

N scattering is more sufficient far from the center, as shown in Fig. S9.

N

N

Figure S9: Schematic of inhomogeneous phonon scattering when (τ−1
R , τ−1

N ) = (0.1, 10.0) in 2D disk model, where λN = |v|τN
is the phonon mean free path of N scattering. More sufficient N scattering happens far from the hotspot center.

8. Dimensional analysis and numerical results

Table S5: Fitting parameters of Eqs. (S70) and (S57) in 2D disk with different (βR, βN ) based on Eq. (S68) (Fig. S10).

(βR, βN ) κ0 α (Tin − Tc)/(Th − Tc) (Tout − Tc)/(Th − Tc)
(0,10) 13.0 6.5 0.30 0.13

Table S6: Fitting parameters of Eqs. (S71) and (S65) in 3D sphere with different (βR, βN ) based on Eq. (S68) (Fig. S11).

(βR, βN ) κ0 γ (Tin − Tc)/(Th − Tc) (Tout − Tc)/(Th − Tc)
(0,10) 0.008 5.5 0.23 0.029

We choose C, T0, L, |v| as the reference variables to normalize the phonon BTE so that Eq. (S4) becomes

v

|v|
· ∇x∗e∗ = βR(eeq,∗R − e∗) + βN (eeq,∗N − e∗), (S68)

where the dimensionless parameters are

e∗ =
e

CT0
, x∗ =

x

2L
, eeq,∗R =

eeqR
CT0

,

eeq,∗N =
eeqN
CT0

, βN =
2L

|v|τN
, βR =

2L

|v|τR
, (S69)

where 2L is the diameter of the outer heat bath of 2D disk/3D sphere. Based on dimensional analysis [21],

it can be observed that the heat conduction predicted by Eq. (S68) is totally decided by two dimensionless

15



(a) (b)2 2
,

R N

L L

 

 
  
 v v

Figure S10: Thermal effects of N and R scattering are investigated individually in 2D disk with different (βR, βN ) =
(2L/(|v|τR), 2L/(|v|τN )) based on Eq. (S68). (a) Normalized temperature T ∗

2D = (T −Tc)/∆T , R∗
2D = (ln(r/l)−1)/(ln(L/l)−

1). Only a portion of numerical results are plotted for better observations. Analytical solutions in the ballistic, diffusive and
phonon hydrodynamic limits are shown in Eqs. (S23), (S29) and (S41), respectively. (b) Normalized thermal conductivity
κ∗ = κ/(2CL|v|). Symbols are numerical results and the orange dot line are the numerical fittings with power-law functions
(Eq. S70). The detailed fitting parameters can be found in TABLE. S5.
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Figure S11: Thermal effects of N and R scattering are investigated individually in 3D sphere with different (βR, βN ) =
(2L/(|v|τR), 2L/(|v|τN )) based on Eq. (S68). (a) Normalized temperature T ∗

3D = (T − Tc)/∆T , R∗
3D = (1/l− 1/r + 1)/(1/l−

1/L+ 1). Only a portion of numerical results are plotted for better observations. Analytical solutions in the ballistic, diffusive
and phonon hydrodynamic limits are shown in Eqs. (S43), (S45) and (S47), respectively. (b) Normalized thermal conductivity
κ∗ = κ/(2CL|v|). Symbols are numerical results and the orange dot line are the numerical fittings with exponential functions
(Eq. S71). The detailed fitting parameters can be found in TABLE. S6.
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parameters, i.e., βN and βR, which represent the ratio between the diameter of the outer heat bath to the

phonon mean free path of N and R scattering, respectively.

The thermal effects of N scattering (βN ) and R scattering (βR) are investigated individually based on

Eq. (S68). In simulation of 2D disk (Fig. S10) and 3D sphere (Fig. S11), the Debye approximation and

gray model [9] are used, where no phonon dispersion and polarization are considered. Numerical results are

consistent with the analytical solutions in the ballistic, diffusive and phonon hydrodynamic [7, 13, 11, 6, 5]

limits. Furthermore, it can be observed that as βN and βR are small, the thermal conductivity along the

radial direction is not a constant. Similarly, the numerical results (Figs. S10 and S11) of graded thermal

conductivity in 2D disk/3D sphere are fitted with experimental formulas, i.e.,

κ∗ = κ0 (R∗2D)
α
, (S70)

κ∗ = κ0 exp (γR∗3D) , (S71)

where the normalized thermal conductivity is κ∗ = κ/(2CL|v|). The detailed fitting parameters of the

graded thermal conductivity in 2D disk/3D sphere are shown in TABLE S5 and S6, respectively.
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