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In this paper, heat flux in graphene nanoribbons has been studied by using molecular dynamics
simulations. It is found that the heat flux runs preferentially along the direction of decreasing width,
which demonstrates significant thermal rectification effect in the asymmetric graphene ribbons. The
dependence of rectification ratio on the vertex angle and the length are also discussed. Compared to
the carbon nanotube based one-dimensional thermal rectifier, graphene nanoribbons have much
higher rectification ratio even in large scale. Our results demonstrate that asymmetric graphene
ribbon might be a promising structure for practical thermal �phononics� device. © 2009 American
Institute of Physics. �DOI: 10.1063/1.3183587�

The graphene is a two-dimensional crystal consisting of
a single atomic layer of carbon. It has attracted immense
interests recently, mostly because of its unusual electronic
properties.1 Graphene ribbons �GRs�, the narrow layers of
graphene, are particularly interesting as promising elements
in nanoelectronics. It has been shown that many of the elec-
tronic properties of GR can be modulated by its size and
shape.2–5 In addition, the thermal properties of graphene are
also important both for fundamental understanding of the
underlying physics in low-dimensional system and for appli-
cations. Superior thermal conductivity has been observed in
graphene,6–8 which has raised the exciting prospect of using
graphene structures for thermal �phononic� devices. Tradi-
tionally, phonons are considered as heat carriers. Recently, it
is found that phonons can be also used to carry and process
information.9 More importantly, different thermal �phononic�
devices such as thermal rectifier,10–13 thermal transistor,14,15

thermal logic gate,16 and thermal memory17 have been con-
ceptualized. All these have not only made the control of heat
flow possible, but also made it possible to use phonons to
carry and process information.

Similar to electronic counterpart, the thermal rectifier
also plays a vital role in phononics circuit.9 Thermal rectifier
from nanostructures has been theoretically studied18–21 and
also experimentally tested22 in carbon nanotube �CNT� based
systems. All the structures studied so far are basically one-
dimensional or quasi-one-dimensional systems. A natural
question comes promptly: can we extend the thermal rectifi-
cation characteristic to two-dimensional structure, such as in
GR? In this letter, we should investigate numerically �by
using molecular dynamics� the direction dependent heat flux
in asymmetric structural GRs, and discuss the impacts of
GR shape and size on the rectification ratio. Our study may
inspire experimentalists to develop GR based thermal
�phononic� devices.

In our simulations, classical nonequilibrium molecular
dynamics �MD� method is adopted. The potential energy is a
Stillinger–Weber type potential for bonding interaction be-

tween carbon atoms, which include both two-body and three-
body potential terms. This force field potential is developed
from fitting experimental parameters for graphite by Abra-
ham and Batra23 and the accuracy of this potential is demon-
strated in MD simulations in graphitic structures.24

Figure 1 shows two different GR structures: trapezia
shaped GR �TGR� and two rectangular GRs �RGRs� with
different widths. In order to establish a temperature gradient
along the longitudinal direction, the GR is coupled with
Nosé–Hoover heat baths on the two end layers. Atoms in the
same layer have the same z coordinate. The atoms of first
and Nth �N is the number of layers� layers are frozen corre-
sponding to fixed boundary condition. The atoms of second
and N-1th layers are coupled with Nosé–Hoover heat
baths,25,26 whose temperatures are Ttop and Tbottom, respec-
tively. In this letter, in order to avoid any artificial effect
induced by the choice of heat baths, all the calculations are
performed with the same Nosé–Hoover heat bath parameter
�thermostat response time� on the two ends.

The velocity Verlet algorithm is used to integrate the
differential equations of motions. In general, the temperature,
TMD, is calculated from the kinetic energy of atoms accord-
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FIG. 1. Schematic pictures of the two different GR structures: TGR and
two- RGRs with different widths. The top layer is the first layer with width
of Wtop and the bottom layer is the Nth layer with width of Wbot. Here N is
the total number of layers. The length is L, while in RGR, each segment is
with the same length of L /2.
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ing to the Boltzmann distribution.27 It is worth pointing
out that this approach is valid only at high temperature
�T�TD ,TD is the Debye temperature�. When the system
temperature is lower than the Debye temperature, it is nec-
essary to apply a quantum correction to the MD calculated
temperature. The difference between the MD calculated tem-
perature and quantum corrected temperature depends on the
Debye temperature of the system. Although some theoretical
studies have been performed on the Debye temperature of
graphene, the results have been controversial. For instance,
from 1000 to 2000 K are reported.28–30 The concerns of the
current paper are the heat flux and rectification effects �a
related change of heat flux�, which do not depend on the
accurate value of temperature, instead they depend on the
temperature difference. Therefore, we do not do the quantum
correction to TMD in this work. The heat flux along the GR is
defined as the energy transported along it in unit time.20 MD
simulations are performed long enough such that the system
reaches a stationary state when the local heat flux is a con-
stant. All results given here are obtained by averaging 4
�106 time steps. The time step is 0.4 fs.

We denote the temperature of top �the short end� and
bottom �the long end� as Ttop=T0�1−�� and Tbottom=T0�1
+��, respectively, where T0 is the average temperature and �
is the normalized temperature difference between the two
ends. Therefore, the bottom of GR is at a higher temperature
when ��0, and the top has a higher temperature when �
�0. First, we study the heat flux in TGR and RGR with L
=3.4 nm �30 layers�, Wtop=0.42 nm, and Wbot=4.2 nm,
which corresponds to �=60° in TGR, and T0=300 K. The
heat flux J versus temperature difference � �corresponds to
the “I-V” curve of electric rectifier� is shown in Fig. 2�a�.
When ��0, the heat flux increases steeply with �; while in
the region ��0, the heat flux is much smaller and changes a
little with �. That is, all the two types of GRs, TGR and
RGR, behave as a “good” thermal conductor under positive
“thermal bias” and as a “poor” thermal conductor under
negative “thermal bias.” It suggests that the heat flux runs
preferentially along the direction of decreasing width. This is
similar to the rectification phenomena observed in carbon
nanocone �CNC� structures,20 which was explained well by
match/mismatch of the phonon spectra between the atomic
layers at the two ends. To show the rectification effect quan-
titatively, the thermal rectification is defined as,

R �
�J+ − J−�

J−
� 100% ,

where J+ is the heat current from bottom to top corresponds
to ��0 and J− is the heat current from top to bottom when
��0. Figure 2�b� shows the rectifications with different �.
The increase in � results in the increase in the rectification
ratio akin to the characteristic in electric rectifier and
coincides with previous results of thermal rectification
models.13,18–20 The rectification ratios of GRs are much
higher than those in CNC and CNT junctions. With ���
=0.5, the rectification of nanocone is 96% �Ref. 20� and that
of CNT intramolecular junction is only about 15%,18 while
the rectification ratio in GR is about 270% and 350% for
RGR and TGR, respectively. Our results demonstrate that
GR rectifier has obvious advantage over the CNT based ther-
mal rectifiers.18–20 Moreover, it is obvious that the rectifica-
tion ratio of TGR is larger than that of RGR under the same
temperature difference. This is consistent with the phenom-
ena that CNC �geometric graded structure� has higher recti-
fication ratio than the CNT �n ,0� / �2n ,0� intramolecular
junctions �which is two-segment structure� do. In these two-
segment structures, such as nanotube junction and the RGR,
although the phonon spectra in the two segments are quite
different, they are homogeneous in each segment, which will
weaken the control on heat flux. In contrast, in the graded
structures, the phonon spectra change continuously, lead to
more efficient control of heat flux.

It is worth pointing out that large heat flux of 10−7 W
goes through the system. To verify the stability of the struc-
ture, we checked the largest amplitude of atom in the system.
It is 0.26 Å, only 18% of the C–C bond length. Thus the
structure is stable under this heat flux. Moreover, although
the absolute value of heat flux may depend on the choice of
potential, the focus of the current paper is the related change
of heat flux. So the qualitative results do not change if we
use other potential. Very recently, the similar rectification
phenomena are also observed in graphene nanoribbons by
using Brenner potential by Hu et al.31

In the following, we explore the size dependence of rec-
tification of TGR, as the rectification of TGR is higher than
that of RGR. First, the dependence of the rectification ratio
on vertex angle, �, is explored. The length of TGR, L, is
fixed at 3.4 nm, and Wtop is fixed at 0.4 nm. � is changed
from 26° to 78°, which corresponds to Wbot from 1.7 to 5.9
nm. Figure 3�a� shows that the rectification increases with
vertex angle, �, due to the increases in asymmetry. As illus-
trated in Fig. 3�b�, the heat fluxes, J+ and J−, of TGR in-
crease as � increases. The increase in J+ is higher than the
increase in J−, which leads to the increase in the rectification
ratio. Figure 3�a� shows the rectification ratio increase from
90% to 240% �here ���=0.3� as the increasing in � from 26°
to 60° and converges when ��60°.

Next, we study the impact of length on the rectification
ratio. We change the value of L from 3.4 nm �30 layers� to
13.5 nm �120 layers�, while the value of � is fixed at 60°.
The top end and the angle of TGR is fixed while the length L
and bottom end Wbot are changed. Figure 3�c� shows the
dependence of rectification on the length. At short length, the
small increase in length induces large reduction in rectifica-
tion ratio. Contrast to the high dependence at the short length
range, the rectification versus length curve is close to flat
when length is longer than 5.1 nm. As illustrated in Fig. 3�d�,

FIG. 2. �Color online� �a� Heat flux J vs � for the TGR and RGR. �b�
Rectifications vs � for the TGR and RGR. Here, L=3.4 nm �30 layers�,
�=60°, Wtop=0.42 nm �2 atoms�, Wbot=4.2 nm �20 atoms�, and T0

=300 K.
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the increase in J− is larger than that of J+ as L increases from
3.4 to 5.1 nm. Both J+ and J− are converged when L is longer
than 5.1 nm, which leads to the rectification ratio as a con-
stant of 92%. This is different from previous results of one-
dimensional structures. In the molecular junction typed CNT
thermal rectifier,18 the rectification decreases quickly as de-
vice length is increased because the role of the interface is
suppressed in large system. However, in the GR rectifier pro-
posed here, high rectification can be achieved in the practical
length scale, adds the feasibility of constructing thermal rec-
tifier with graphene.

In this paper, no on-site potential is considered, which
corresponds to suspending system. In practical application,
the GR is on substrate and on-site potential exists. In previ-
ous theoretical works,10–12 it is demonstrated that on-site po-
tential can enhance the rectification ratio obviously provided
that heat flow to substrate is neglected. The impact of sub-
strate on rectification ratio for nanostructures deserves fur-
ther investigation.

In conclusion, we have demonstrated excellent thermal
rectification efficiency in asymmetric GRs. It is shown that
the graded geometric asymmetry is of remarkable benefit to
increase the rectification ratio. The convergence of rectifica-
tion ratio on the increase in length is of particular importance
for practical thermal �phononics� application. Compared to
the CNT �Ref. 18� and CNC �Ref. 20� rectifier, the rectifica-

tion ratio in TGR is much higher. In contrary to the previous
studies of thermal rectifiers, which are constructed with one-
dimensional structures, our results demonstrate the two-
dimensional structures can also be used in thermal manage-
ment.
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