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a b s t r a c t

Sapphire is widely used as substrates in semiconductor industry. Kyropoulos (Ky) method is the most
popular technique to grow large-size and substrate-quality sapphire single crystals. Computational
modeling is a powerful tool to analyze the growth conditions for the improvement of this crystal growth.
for simulation, thermophysical properties of sapphire are usually set constant, which may increase the
deviation between experiments and modeling results. In this paper, temperature-dependent properties
of sapphire, i.e., heat capacity, thermal conductivity, and thermal expansion coefficient, are summarized
and adopted in the simulation studies. Their effects on the predicted results are discussed for the cooling
process, during which large temperature change in the crystal leads to big differences of the material
properties. Comparative analysis tells that temperature difference and thermal stress can be more than
200 K and 4 MPa for the cases with or without consideration of the temperature-dependence of the
properties. Consequently, it is necessary to consider the impact of material properties on the accuracy of
numerical simulation during the sapphire single crystal growth.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Sapphire is a kind of hexagonal single crystal with excellently
physical, mechanical and optical properties [1]. It is widely used in
the applications of silicon-on sapphire (SoS) RF devices, coating
surfaces, optical windows [2], nuclear track detectors [3], and
optical data storages [4]. The recent booming of sapphire is stimu-
lated by its substrate application in high-brightness light emitting
diode(LED) industry [1]. Since the first introduction of manual
growth [5], technologies of sapphire crystal growth have achieved
much progress. This makes it possible to grow high-quality and
massive crystals in industry [6]. Several popular methods have
been employed in industry to grow large sapphire ingots, for
example, Czochralski (Cz), Ky, Heat exchanger method (HEM), and
Stepanov method (EFG), among which Ky is the most widely used
method for its advantages of relatively low cost and high crystal
quality. However, lack of comprehensive understanding of the
growth process is impeditive to optimize the growth parameters
for further improvement of the crystal quality and productivity.
Theoretical analysis only provides qualitative explanation for
growth process on account of the complex differential equations

and intricate boundary conditions. Experimental studies not only
disturb the normal growth conditions, but also are significantly
limited by the specific growth environment, such as high system
temperature. High cost and low efficiency of a real production
experimental study further prevent the industry to perform
accurate measurements of temperature, velocity and stress dis-
tributions [7] during growth and modify growth parameters and
system structures. Computational calculations, otherwise, work as
a replacement of the experimental studies for a detailed investiga-
tion of the growth process with absolute advantages in time
and cost.

High-quality sapphire is characterized by low thermal stress-
induced defects, for example, dislocation, bubbles and cracks.
Although Ky method distinguishes itself from other techniques
in low temperature gradients during growth, defects such as
dislocation keeps a major challenging issue affecting crystal
quality. In the past years, Ky-growth of sapphire crystal has been
widely investigated numerically [8–10]. Demina et al. [11] com-
pared two designs of the furnace with consideration of radiation
heat transfer and melt convection, and obtained the preferred
furnace structure. Chen et al. [12] performed simulation analysis of
temperature and velocity distributions in the crucible for different
growth stages to show the dominant characteristics. Lee et al. [13]
studied effects of crucible geometry on the convexity of the liquid/
solid interface, and concluded that curved crucible bottom is
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beneficial for growth. From these studies, we can get much know-
ledge of Ky growth process regarding heat transfer and fluid flows
for possibly improvement of sapphire quality. Although successful
agreements are achieved with experiments, one of the major
shortcomings in these studies is use of constant thermophysical
properties of sapphire. During the entire growth process, especially
cooling stage, the system has a large temperature variation, and the
assumption of constant properties undoubtedly aggravates the devia-
tion of simulation results from the experimental measurements.
In this paper, we summarize several thermophysical properties
of sapphire in a wide temperature range, from room tempe-
rature to near melting point, and adopt them in the simulation of
cooling process during sapphire growth. Comparison of simulation
results indicates that to achieve reasonable and quantitative results,
the variation of thermophysical properties of sapphire must be taken
into account in modeling.

2. Problem description and mathematical models

A schematic structure of Ky furnace used in the present study is
shown in Fig. 1. Raw materials are loaded into an iridium crucible,
which is supported by a molybdenum rod. The rod above the
crucible is used to hold the crystal seed at seeding stage. Three
groups of heat shields, namely, the top shield, the side shield and
the bottom shield, are arranged in furnace satisfying the hot zone
requirement. These heat shields are made of parallel plates of
molybdenum. A tungsten heater is used as the resistive heating
source. The shields and other insulation parts enclose the growth
furnace to prevent heat loss. In the current study, to notably reflect
the effect of temperature-dependence of thermophysical proper-
ties, the unsteady cooling stage with large temperature change in
the crystal is examined.

During the cooling stage, the heater power decreases gradually
in a linear mode, and initiates when the melt has been solidified
completely. The furnace is vacuumed during the growth and
cooling stage, so only conduction and radiation heat transfers
exist in the furnace. The space inside the chamber is transparent,
while the solids are all treated as opaque, including sapphire ingot
regardless of the fact that sapphire has definite refractions in some
bands [14]. The influence of such an approximation on heat
transfer is compensated by the treatment of internal radiation
inside sapphire. To relieve calculation loads as well as to focus on
the effects of material properties, internal radiation inner the
crystal is evaluated by an effective thermal conductivity. The outer
walls of furnace are cooled by room air, and this remains the walls

almost at room temperature. The seed rod in furnace is cooled by
water, and hence the rod tip is at low temperature location in the
furnace as a hot sink during the growth [11].

Temperature-dependent values of heat capacity, thermal
expansion and thermal conductivity are employed in simulation.
The cooling process starts from a high system temperature close to
the melting point of sapphire, and lasts about 40 h. The heating
power linearly reduces from an initial value to zero during the
process. The fundamental equations are listed in the following.

Energy equation in the heater:

ρCh
∂Th

∂t
¼∇U ðκh∇ThÞþQ ; ð1Þ

Energy equation in the crucible, insulators, rods, shields, and
sapphire:

ρCi
∂Ti

∂t
¼∇U ðκi∇TiÞ; ð2Þ

Energy balance at the solid/vacuum interface:

�κi
∂Ti

∂bn ¼ σBεiðT4
i �T4

a;iÞ; ð3Þ

where Ti is temperature, and κi is thermal conductivities of the
furnace components, which is an effective value in sapphire; the
subscript i indicates the components of the furnace, i.e., crucible,
shields and sapphire ingot. Q is the heat source, σB is the Stefan-
Boltzmann constant, and n̂ is the unit normal vector. Ta;i is the
environment temperature for radiation heat transfer, which is
calculated by [12]

Ta;i ¼
1
εiAi

∑
N

j ¼ 1
XijεjAjT

4
j

 !1=4

; ð4Þ

where ε;A, and Xij are the emissivity, area, and view factor from
area j to area i, respectively. The axisymmetric thermal strain–
stress equations for sapphire are calculated in cylindrical coor-
dinate [12]. Thermal elastic stress–strain relation is based on
Hooke's law,

σ ¼ C : ðε0�αðT�Tref ÞÞ; ð5Þ

where α is the thermal expansion coefficient, and C is the elastic
constant matrix given as

C ¼ E
ð1þνÞð1�2νÞ

1�ν ν ν 0
ν 1�ν ν 0
ν ν 1�ν 0
0 0 0 1�ν

26664
37775; ð6Þ

where E is the elastic modulus, and ν is the Poisson's ratio. The
stress distribution in sapphire ingot is calculated with a fixed
boundary condition on the crucible walls where the crystal contacts.
To calculate stress distribution, the following equations are solved,

1
r
∂ðrσrrÞ
∂r

þ∂ðσrzÞ
∂z

�σφφ
r

¼ 0; ð7Þ

1
r
∂ðrσrzÞ
∂r

þ∂ðσzzÞ
∂z

¼ 0; ð8Þ

where σrr , σzz and σφφ are the three normal stresses in cylindrical
coordinate, and σrz is the shear stress. The von Mises stress is
calculated to evaluate the stress level during crystal cooling, which
can be expressed as

σM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðσrr�σzzÞ2þðσrr�σφφÞ2þðσzz�σφφÞþ6σ2rz

2

s
ð9Þ

Fig. 1. Schematic structure of Ky furnace.
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3. Results and discussion

3.1. Thermophysical properties of sapphire

Thermophysical properties of sapphire vary significantly by
temperature; however, as aforementioned, they are often assumed
as constants during numerical simulation [9–13,15–18] according
to the values measured at room temperature or at the melting
point. The most important properties are thermal capacity, ther-
mal conductivity and thermal expansion in a unsteady calculation.
In the current reports, the three major thermophysical properties
are investigated comprehensively, while other properties, such as
the elastic modulus and Poisson's ratio are still assumed tempe-
rature-independent as shown in Table 1.

As mentioned previously, sapphire is treated as opaque with an
effective thermal conductivity to consider internal radiation. Such
a treatment remains the semi-transparent radiation features in
sapphire with a significant relief of the computational load by
avoiding direct calculation of the radiative heat transfer equations.
The Rosseland approximation is utilized to determine the effective
thermal conductivity [10,19],

κ¼ κmodþκrad ¼ κmodþ16n2σBT
3

3αR
; ð10Þ

where κmod is the general thermal conductivity, and κrad is the
effective thermal conductivity considering radiation heat transfer.
The parameters, n and αR, are the refractive index and the Rosse-
land mean absorption coefficient, respectively. The effective ther-
mal conductivity is shown in Fig. 2a, which is proportional to the
third order of temperature. As the temperature reaches 2300 K,
the effective thermal conductivity is more than 600 W/m-K much
higher than the original molecular thermal conductivity [12]. The
nominal total thermal conductivity is also shown in Fig. 2a. The
value is much larger than the widely used value of 17.5 W/m-K
[20,21] or 5.8 W/m-K [11], 5 W/m-K[13] and 3.5 W/m-K [12] in the
previous publications. One can further find that as the tempera-
ture goes up, the contribution of radiation becomes more impor-
tant for heat conduction.

Thermal expansion coefficient critically influences the calcula-
tion of thermal stress field. Since sapphire is often used as the
reference material to measure thermal expansion coefficients of
other materials, its expansion coefficient has been well studied by
many researchers. However, in sapphire growth simulation, this
variable is still simplified as a constant value of 1:8� 10�5K�1

[12,13,20] or 5:0� 10�6K�1 [16]. Indeed, it is highly temperature-
dependent. Harris [22] proposed a formula to describe it as

α¼ XþY UT�Z Uexp �W U ðT�273Þ½ �; ð11Þ
where X;Y ; Z and W are constants taken as 8:026� 10�6, 8:17�
10�10

,3:27� 10�6 and 3:279� 10�6
, respectively. This expression

has been used by Chen et al. in their study [9]. A curve to visualize
this formula is shown in Fig. 2b. The values from the handbook of

sapphire perpendicular to c-Axis of sapphire [14], from Ref. [23],
and from Ref. [24] are also drawn in the figure. The differences of
these datas may result from the measurement techniques and the
sample quality. The datas presented by Fiquet et al. [24] are based
on adequate experiments, so it is possible more reasonable. The
least-square fitted expression of the datas are expressed as

α¼ α0þα1Tþα2=T
2; ð12Þ

Table 1
Material properties of sapphire used in calculations.

Physical property Value

Density ρC (kg/m
3) 3960

Molecular thermal conductivity κmol(W/m-K) 17.5
Heat capacity C (J/kg-K) 1430
Thermal expansion coefficient α(1/K) 1.8�10�5

Emissivity ε 0.9
Refractive index n 1.78
Absorption coefficient αR(m�1) 19.26
Stefan–Boltzmann constant σB(W/m2-K4) 5.67�10�8

Elastic modulus E (Pa) 3.45�1011

Poisson's ratio ν 0.28

Fig. 2. (a) The effective thermal conductivity predicted by Rosseland model,
(b) thermal expansion coefficient as a function of temperature, and (c) variation
of heat capacity by temperature.
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where α0, α1 and α2 are 2:137� 10�5, 0:627� 10�8, and �0.134,
respectively. The thermal expansion coefficient curves in Fig. 2b
obviously show the differences between the values, which is also
noted by Fiquet et al. [24]. In this paper, we adopted the expres-
sion of Eq. (12) to calculate thermal expansion coefficient of
sapphire.

The specific heat of sapphire is also highly temperature-
dependent. In previous studies, the heat capacity of sapphire is
often set as a constant of 765 J/kg-K [9,12,20,21,25] or 1430 J/kg-K
[13,16] regardless of the fact that its relation to temperature has
been presented [14],

Cp ¼ 4:2� ð26:12þ4:388� 10�3T�7:269� 105T �2Þ ð13Þ

The curve of formula for Eq. (13) is shown in Fig. 2c. Robert [26]
reviewed many previous studies, and recommended a more
reliable expression,

Cp ¼ A1T
�4þA2T

�3þA3T
�2þA4T

�1þA5þA6TþA7T
2þA8T

3þA9T
4:

ð14Þ
The parameters, An (n¼1�9), vary by temperature, and can be
found in Ref. [26]. Eq. (14) is adopted in current study, and the
curve is presented in Fig. 2c.

3.2. Effect of thermophysical properties

The constant properties are first used in simulation as a
reference, and then the temperature-dependent properties are
adopted for further comparison studies. The initial values for time-
dependent calculations of cooling process are from the convergent
steady solutions with the power consumption at the beginning of
cooling. Temperature and stress distributions with constant prop-
erties are shown in Fig. 3a. From left part of the figure, one can see
that the crucible and crystal are in high temperature, and the seed
rod has a low temperature due to water-cooling. Large tempera-
ture gradients exist in the crucible. Distribution of von Mises stress
inside the crystal is depicted at the right part of the figure. Three
monitoring points, A, B and C as marked in the figure, are selected
for further analysis. Point A is located inner the crystal, and Point B
and Point C are along the symmetric axis. The variables written as
PðvÞ represent that the field P is obtained when the property v is
temperature-dependent in the simulation. For example, TðκÞ
denotes temperature field achieved when thermal conductivi-
tyκchanges by temperature. A linear power change profile is
applied during the cooling as shown in Fig. 3b.

Fig. 4 shows temperature and stress evolutions at Points A, B
and C during the whole cooling time. These curves tell that all
cases have the same tendencies of temperature and stress evolu-
tions. With the linear ramp-down of heat power, temperature
distribution in furnace goes down continuously, which is reflected
by the two sets of temperature profiles at the three points in Fig. 4.
The upper set of the curve is composed of three curves respective
to T, T(C) and TðαÞ. When the constant properties, or temperature-
dependent heat capacity, or temperature-dependent thermal
expansion coefficient are applied, temperature changes at the
three points are very close during the entire cooling process.
The lower set includes two curves. One is with temperature-
dependent thermal conductivity TðκÞ, and the other considers
variations of all the listed thermophysical properties by tempera-
ture TðC; κ; αÞ. It is noted that the maximum temperature differ-
ence with or without consideration of temperature-dependent
properties can be up to 200 K at the cooling stage in Fig. 4. The
curves also tell that specific heat and thermal expansion coeffi-
cient have less impact on the temperature field. However, thermal
conductivity value leads to much difference of temperature pre-
dictions. The stress curves have different characteristics comparing

to temperature profiles. The von Mises stress in crystal decreases
as the cooling proceeds. The case only taking into account of
thermal expansion coefficient σðαÞ has the largest stress about
10.5 MPa at the early cooling, while the case of σðκÞ shows the
lowest value about 6.7 MPa. It is noticeable that besides a slight
difference at the starting cooling, the curves of σ and σðCÞ are
almost overlapped, which states that specific heat influences stress
field ineffectively. Comparing to the case with a complete con-
sideration of listed properties, σðC; κ;αÞ, only treatment of the
thermal conductivity σðκÞ results in an underestimation of stress
level at early cooling stage, and leads to an overestimation at late
stage. In Addition, one can find that constant properties, overall,
make the simulation results overestimated after a certain cooling
time. However, stress levels of Point C at early cooling stage with
a complete consideration of the properties are much larger than
those of others. It emphasizes that the effect of thermophysical
properties on the predicted results also depends on local growth
conditions. From above analysis, one can know that the impact of
temperature-dependent properties should be carefully examined
in the modeling. In addition, the overlapped lines show that the
temperature varied specific heat has not much impaction on the
results. The reason is that the released/absorbed heat of sapphire
with temperature change is small compared to the total heat flux.

Contours of temperature and stress distributions are also
presented for comparison analysis. Figs. 5 and 6 give temperature
distributions in the right and von Mises stress distributions in the
left at cooling time 15 h and 25 h, respectively. From the Figures,

Fig. 3. (a) Temperature and stress distributions at the staring cooling of sapphire
growth with constant properties, and (b) the linear power ramp-down profile for
the cooling stage used in the simulation.
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Fig. 4. The temperature and stress changes during the cooling (a) at Point A, (b) at Point B, and (c) at Point C.

Fig. 5. von Mises stress (left part) and temperature (right part) distributions at the cooling time of 15 h with (a) the constant properties, (b) temperature-dependent heat
capacity, (c) temperature-dependent thermal expansion coefficient, (d) temperature-dependent thermal conductivity, and (e) full consideration of the listed properties.
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one can know that high temperature zone with constant proper-
ties is larger than that of other cases. So is the case with
temperature-dependent heat capacity. The result is consistent
with the temperature profile in Fig. 4. Despite the difference of
temperature patterns, the stress patterns at both cooling times are
similar when constant properties, temperature-dependent specific
heat and temperature-dependent thermal expansion coefficient
are used. When temperature-dependent thermal conductivity is
considered (Figs. 5d, 4e, 6d and e), more uniform stress distribu-
tions in the crystal are obtained.

4. Conclusions

In the paper, numerical simulation has been performed to
analyze heat transfer and thermal stress during the cooling of
Ky-sapphire growth. Effects of temperature-dependent thermo-
physical properties of sapphire have been investigated. It is found
that specific heat will not cause significant difference for the
simulation results of temperature and stress distribution. Thermal
conductivity must be considered with temperature-dependent for
a reasonable prediction of temperature and thermal stress dis-
tributions. Furthermore, thermal expansion coefficient has a
strong impact on thermal stress field. The maximum deviations
of temperature and stress are up to about 200 K and about 4 MPa,
respectively, without proper applications of the thermophysical
properties. Therefore, it is necessary to consider the variations of

sapphire properties by temperature for a quantitatively numerical
analysis.
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