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ABSTRACT
Maintaining stability of single-molecular junctions (SMJs) in the presence of current flow is a prerequisite for their potential device appli-
cations. However, theoretical understanding of nonequilibrium heat transport in current-carrying SMJs is a challenging problem due to the
different kinds of nonlinear interactions involved, including electron–vibration and anharmonic vibrational coupling. Here, we overcome this
challenge by accelerating Langevin-type current-induced molecular dynamics using machine-learning potential derived from density func-
tional theory. We show that SMJs with graphene electrodes generate an order of magnitude less heating than those with gold electrodes. This
is rooted in the better phonon spectral overlap of graphene with molecular vibrations, rendering harmonic phonon heat transport being dom-
inant. In contrast, in a spectrally mismatched junction with gold electrodes, anharmonic coupling becomes important to transport heat away
from the molecule to surrounding electrodes. Our work paves the way for studying current-induced heat transport and energy redistribution
in realistic SMJs.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0118952

I. INTRODUCTION

Recent development of the scanning thermal probe technique
has enabled experimental measurement of thermal conductance
across single-molecular junctions (SMJs) and metallic atomic chain
junctions,1–5 one and two decades later than the first thermoelec-
tric6 and electrical7 measurements, respectively. This opens exciting
opportunities for systematic investigation of thermal transport in
atomic-scale junctions, i.e., through chemical engineering.8–19

A more challenging problem is nonequilibrium thermal trans-
port between electronic and vibrational/phononic degrees of free-
dom in the presence of electrical current.20 Wherein, two impor-
tant bottleneck processes controlled by electron–vibration/phonon
and anharmonic phonon interaction are simultaneously at play.
First, electrons transfer energy to the molecular vibrations via
electron–vibration interaction. Second, the excess energy is redis-
tributed within molecular vibrational modes and further transported

to the surrounding electrodes, in which anharmonic vibrational cou-
pling may play a key role. This hybrid heat transport problem is
quite different from the normal phonon heat transport study where
heat current is driven by the temperature difference between two
baths.

For a comprehensive understanding of this problem, both
of the above-mentioned processes need to be addressed on an
equal footing. Theoretical studies of the former have revealed at
least two energy transfer mechanisms:21,22 stochastic Joule heating
and work performed by a deterministic non-conservative current-
induced force. While Joule heating is always present, the non-
conservative current-induced force becomes important in high con-
ductance SMJs. Experimentally, the signature of Joule heating has
been probed by electrical and optical methods,23–26 while only pre-
liminary evidence of current-induced non-conservative force has
been reported.27 On the other hand, studies on vibrational energy
redistribution within the molecule and subsequent energy transport
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to the electrodes are scarce due to the expensive computational cost
required to study realistic SMJs.28

In this work, we overcome this difficulty by employ-
ing machine-learning potential derived from ab initio molecular
dynamics (MD) data. We perform a comparative study on the heat
transport properties of alkane and carbon chain junctions with gold
and graphene electrodes. Our results show that good spectral over-
lap between molecular vibrations and graphene phonons ensures
effective harmonic energy transport between them and results in
much less heating of the molecule as compared to gold electrodes.
However, in junctions with gold electrodes, anharmonic vibrational
coupling is essential to enhance the efficiency of heat transport to the
electrodes. Our work highlights the importance of vibrational spec-
tral overlap in enhancing heat transport at the single molecule level
and demonstrates the superior advantage of graphene as electrodes
for constructing stable SMJs.29–31

II. THEORY
A. System setup

A schematic diagram of the setup is shown in Fig. 1(a). In our
theoretical framework, we divide the whole junction into electron
and phonon subsystems. Each subsystem is further divided into the
left and right baths and the central molecule. In the electron subsys-
tem, the voltage bias is applied between the two electrodes by shifting
their chemical potentials. Driven by the voltage bias, electrons trans-
port across the molecule between the two electrodes, during which
they may interact with molecular vibrations in the phonon subsys-
tem and result in energy transfer between them. Since the molecule
is the bottleneck part of electron and heat transport, we only con-
sider coupling of the two subsystems within the molecule [within
the dashed boxes in Fig. 1(b)]. This setup has been widely used in
the study of Joule heating in single molecular junctions.

In our theory based on a semiclassical Langevin equation, fol-
lowing the standard open system approach, we choose the system

as atomic degrees of freedom (DoF) within an extended molecule,
which can include some of the electrode atoms [solid boxes in
Fig. 1(b)]. The whole electron subsystem is treated as a nonequi-
librium bath carrying electrical current. It couples to the system
through electron–vibrational interaction within the dashed boxes.
The boundary atoms of the system under the blue lines couple to the
left and right phonon baths. The baths DoF are auxiliary and charac-
terized by the coupling matrix defined in Sec. II B. The phonon baths
stay in thermal equilibrium throughout the whole process. Energy
transport from the electron bath to the system takes place once the
electron bath is driven out of equilibrium by applied voltage. The
excess energy is further transported to the two phonon baths. The
main focus of this work is to perform comparative study on this
energy transport process in two types of single molecular junctions
with gold and graphene electrodes.

B. The semiclassical Langevin equation
Our theory is based on a semiclassical Langevin equation32–36

Q̈ = −∇QV − Γ ⋅ Q̇ −A ⋅Q + f, (1)

which takes a similar form as the classical Langevin equation. The
details of its derivation can be found in Ref. 32. To arrive at Eq. (1),
we have made the following two important approximations: (1) We
ignore the energy dependence of the electronic density of states,
such that the Markovian approximation holds (see discussions in
Sec. II C). (2) The displacement of atoms away from their equi-
librium positions is small enough such that the average molecule
structure does not deviate much from the equilibrium one. In this
way, we do not need to update the electron–vibration coupling or
the electronic structure during MD on the fly, thus ignoring their
Q dependence. Despite these approximations, as we explain in the
following, it extends the classical version in two aspects: (1) We treat
the electron and phonon baths quantum-mechanically, which follow

FIG. 1. (a) Schematic of the theoretical model. (b) Structures of molecular junctions considered in this work. We consider two types of molecular structures with CH2 (I, II)
and CH (III, IV, V) units, respectively. The electrodes are either gold (I, III) or graphene (II, IV, V). For gold junction, the molecule bonds to gold through sulfur atoms. For
graphene junction, the molecule bonds directly through C–C bonds. OVITO38 is used for visualization.
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Fermi–Dirac and Bose–Einstein statistics, respectively. (2) We allow
the electron bath to be out of thermal equilibrium.

The vector Q is a mass-normalized displacement vector con-
taining all the atomic DoF of the system, corresponding to atoms
within the solid boxes in Fig. 1(b). The first term on the right-hand
side (r.h.s.) accounts for the force exerted on the system atoms due
to the atomic potential. Each of the rest terms at r.h.s. includes
contributions from the electronic and phononic baths, i.e., Γ = ΓL
+ ΓR + Γe. According to previous results on current-induced forces
in molecular junctions,32 we can divide Γ and A into symmetric and
anti-symmetric parts, respectively. The symmetric part of Γ repre-
sents the friction contributed by all baths. The anti-symmetric part
comes from the electronic bath and is non-zero only when there is a
non-zero electrical current. It represents the Lorentz-like force from
an effective magnetic field due to the Berry phase of nonequilibrium
electrons.22,37 The symmetric part of A represents renormalization
of the potential due to coupling to the baths, including contributions
from all the baths. However, the anti-symmetric part of A comes
solely from the current-carrying electronic bath and becomes zero
in thermal equilibrium at zero voltage bias. It represents the non-
conservative current-induced forces.21,22,37 We have checked that for
the molecular junctions considered in this work, the anti-symmetric
parts of Γ and A are negligible due to the small electrical con-
ductance of the junctions. The final term f represents fluctuating
forces with contributions from all baths. Different from the classical
Langevin equation, here f includes quantum zero-point fluctuations.
The phonon and electron DoF follow quantum Bose–Einstein and
Fermi–Dirac statistics, respectively. When the electron bath is driven
to nonequilibrium, fe also has corresponding nonequilibrium fluc-
tuations that are responsible for Joule heating.22,37 Since the two
phonon baths are in thermal equilibrium, any fluctuating force con-
tributed by them is connected to the corresponding friction force
through the fluctuation–dissipation relation. However, when there
is an electrical current, the fluctuation–dissipation relation does not
hold anymore for the electron bath.

C. Numerical calculation
To perform MD simulation using Eq. (1), we need to calcu-

late the potential and the coupling parameters for all the baths. We
can express all the needed coupling parameters using self-energies
in the nonequilibrium Green’s function (NEGF) theory,37 i.e., in the
frequency domain,

Γ(ω) = −ImΠr(ω)/ω, A(ω) = ReΠr(ω). (2)

The fluctuating force f is characterized by the time correlation
function32,37

⟨fμ(t)fT
ν (t′)⟩ =

i
2

h̵δμ,ν[Π>μ (t − t′) +Π<μ (t − t′)], μ, ν = L, R, e.
(3)

Here, Πr , Π>, and Π< are the retarded, greater, and less self-energies
in the NEGF theory,32,37 with Πr = Πr

e +Πr
R +Πr

L.
In general, the frequency dependence of Γ(ω) and A(ω) trans-

lates into a convolution in time between Γ-Q̇ and A-Q, resulting in
a generalized Langevin equation with a memory effect. Here, the
Markovian approximation made in Eq. (1) corresponds to ignor-
ing the frequency dependence of Γ and A. For the phonon baths,
this approximation can be improved by including more electrode

atoms in the extended molecule.39,40 For the electronic bath, it is
a good approximation for molecular junction with gold electrodes.
For graphene electrodes, due to the linear energy dependence of the
electronic density of states, we should, in principle, keep the fre-
quency dependence. Here, we focus on the ability of the molecule
to transfer excess energy injected from the electron bath to the sur-
rounding phonon baths. For the ease of comparison between the two
types of junctions, we chose to use the same approximation for them.
Our main conclusion is not sensitive to this approximation.

In the numerical calculation, we use a phenomenological model
to treat the coupling of the system [via atoms under blue lines
in Fig. 1(b)] to the two phonon baths. The coupling of the sys-
tem to each phonon bath is approximated by one diagonal friction
matrix with the same diagonal element γL/R = 10 ps−1. As men-
tioned above, the accuracy of this approximation can be systemati-
cally improved by including more electrode atoms in the extended
molecule to account for non-Markovian memory effects. For the
electron bath, first-principles calculation at the density functional
theory (DFT) level is used to calculate the electronic structure of
the whole electron subsystem, molecular vibrational modes, and
electron–vibration interaction within the molecule [dashed boxes in
Fig. 1(b)], based on which the NEGF self-energies are evaluated. The
SIESTA-TranSIESTA-Inelastica toolkit is used for this purpose.41–43

We have used quantities calculated at zero bias. The voltage bias
is applied by simply shifting the left and right electrode chemi-
cal potential in the corresponding Fermi distribution. This can be
improved in the future by calculating these parameters at a finite
voltage. For the potential, we use the machine-learning potentials
trained by ab initio MD data of the same structure with the help of
the DeePMD-kit.44 The obtained potential can accurately reproduce
the vibrational modes of each structure from DFT (see Fig. 2). With-
out losing numerical accuracy, we can perform MD simulation at
a speed of ∼1–2 orders of magnitude faster than standard ab initio
MD.28 Results shown below are obtained by averaging three inde-
pendent MD runs, where each run lasts for 4 ns, with a MD time step
of dt = 0.5 fs. Such calculations are not feasible for ab initio MD due
to the expensive computational cost. We use fixed boundary con-
ditions in the transport direction by fixing atoms in the outermost
layers and periodic boundary conditions in the perpendicular direc-
tion. A schematic diagram of our numerical procedure is depicted in
Fig. 3.

From the MD trajectory, we can calculate the kinetic energy
power spectrum of the system, defined as

Cvv(ω) =∑
i

Cvivi(ω) =∑
i
∫ dtCvivi(t)eiωt , (4)

where

Cvivi(t) = ⟨vi(t)vi(0)⟩ =
1

T0
∫ dt′vi(t′ + t)vi(t′) (5)

is the velocity correlation function at steady state. The integration
is over a time range of length T0 after the system reaches steady
state. A cumulative integration of the power spectrum quantifies the
contribution of each frequency range to the total kinetic energy,

EK(ω) = ∫
ω

0
dω′Cvv(ω′). (6)
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FIG. 2. Comparison of molecular vibrational frequencies from machine-learning potential and DFT. The vibrational modes of atomic DoF within the dashed boxes in Fig. 1(b)
are calculated using the finite difference method. During the calculation, all atoms except those in the dashed boxes are fixed. [(a)–(e)] corresponds to structures shown in
Fig. 1(b) (I–V). Blue circles are results from DeePMD, and red triangles are from DFT.

FIG. 3. Work flow diagram. The red arrows present the workflow. After DeePMD-kit
training of SIESTA molecular dynamics (MD) data and DFT (SIESTA-TranSIESTA-
Inelastica toolkit) calculation of the electronic structure, vibrational spectrum, and
electron–vibration coupling, the parameters are passed to a homemade MD pack-
age based on the semi-classical Langevin equation to perform current-induced
MD. The power spectrum and heat current are obtained from the resulting MD
trajectories.

Since the definition of temperature in such atomic-scale systems in
a nonequilibrium situation is not unambiguous,45 we characterize
heating of the molecule by the excess kinetic energy ΔEK , which is
the difference of molecular kinetic energy at 1 and 0 V. From the
MD trajectories, we can also calculate the heat current injected from
different baths,

Iα =
1

T0
∫

T0

0
dtFα(t) ⋅ Q̇(t), (7)

where Fα = −ΓαQ̇ −AαQ + fα is the total force acting on the system
from bath α. The integral is over the time range of length T0 when
the system reaches a steady state.

III. RESULTS AND DISCUSSIONS
Our main results are summarized in Fig. 4. Two types of

molecule junctions with sp2 and sp3 hybridization with gold and
graphene electrodes are considered at a voltage bias of 1 V. The
molecule structures are shown in Fig. 1(b). To show the robust-
ness of our results, we consider a wide range of electrical con-
ductance by manually shifting the average chemical potential. We
observe an order of magnitude more heating in gold junction com-
pared to graphene junction, independent of the type of molecule or
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FIG. 4. Excess kinetic energy of the central molecule for junctions with different
conductance between gold (yellow) and graphene (blue) electrodes at a voltage
bias V = 1 V. The heating of gold junctions is ∼1–2 orders of magnitude larger
than that of graphene junctions. The circle points are results from alkane (CH2)
structures, and triangle and square points are from carbon chain (CH) structures
shown in Fig. 1(b).

electrical conductance. In the following, we show that less heating of
the graphene junction is rooted in better spectral overlap between
molecular vibrations and graphene phonons. This results in effi-
cient harmonic energy transport to surrounding electrodes and less
heating of the molecule.

To further unravel these results, we analyze heating of the sys-
tem in the vibrational mode space. Microscopic processes of energy
transfer between the electron bath and the system are the emission
and absorption of molecular vibrational quanta during inelastic elec-
tron tunneling. We define an excitation efficiency to quantify these
processes for each vibrational mode n,

γn = h̵ωn
χ+nn

ηnn
. (8)

Here, hωn is the energy of vibrational mode n, χ+nn and ηnn char-
acterize the nonequilibrium excitation and damping of the vibra-
tional mode due to coupling to nonequilibrium electrons. In the
Markovian approximation, they are written as37

χ+n = π−1Re Tr[MnAL(μ0)MnAR(μ0)], (9)

ηn = (2π)−1Re Tr[MnA(μ0)MnA(μ0)] = Γe,nn. (10)

The excitation process only involves inelastic electronic transitions
between left and right scattering states. Meanwhile, the damping
process involves electronic transitions with initial and final states
being from either the left or right. Here, A = AL + AR is the total
spectral function, with Aα spectral function due to scattering states
from electrode α, and Mn is the electron–vibrational coupling matrix
for vibrational mode n. We note that the vibrational modes and their
coupling to electrons depend on the junction structures. Even the
same molecule could have slight different vibrational modes and
coupling matrix when it is put into different types of electrodes.

Figure 5 shows the excitation efficiency of alkane junctions
with gold (a) and graphene (b) electrodes. Modes with blue color
lie within the phonon band width of the electrodes, while those
with red color are outside of the band width. Harmonic phonon
energy transport from the blue modes to the two electrodes is the
most effective channel to conduct excess energy out of the molecule
(harmonic channel). Excess energy stored in red modes has to be
down-converted into lower frequency modes via anharmonic inter-
action before being transferred to electrodes (anharmonic channel).
For gold junction, the harmonic channel is much less efficient since
the vibrational modes that interact strongly with electrons are all
outside the energy range of the harmonic channel. Meanwhile, for

FIG. 5. Electronic excitation efficiency of molecular vibrational modes [Eq. (8)] for gold (a) and graphene (b) junctions. Blue modes have direct frequency overlap with
electrode phonons. Energy transport through these modes to surrounding electrodes is mainly harmonic. Meanwhile, red modes have frequencies higher than the phonon
band width. Thus, anharmonic frequency down-conversion is necessary before their excess energy is transported to surrounding electrodes (arrows).
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graphene junction, only C–H stretching modes (>0.3 eV) are out
of the graphene phonon band. Thus, effective harmonic energy
transport is expected in the graphene junction.

The above analysis is confirmed by analyzing the kinetic energy
power spectra of the molecule obtained from MD simulation in
Fig. 6. The power spectra within the electrode phonon bandwidth
show broadening due to coupling to electrode phonons, which is
within [0, 0.2] eV for graphene electrodes, but only within [0, 0.02]
eV for gold electrodes. Better spectral overlap between molecular
vibrations and electrode phonons results in only observable heat-
ing of the C–H bond (>0.3 eV) for graphene junction. The situation
is drastically different for gold junction, where heating in a much
wider frequency range is observed. This is consistent with Fig. 5. The
harmonic channel is much less effective in gold junction since the
vibrational modes that overlap with the gold phonon band are much
less excited than those outside the phonon band.

The steady state spectral distribution is a result of balance
between energy input from the nonequilibrium electron bath and
output to two surrounding phonon baths. To further disentangle
these two effects, we have performed an extra simulation of the
graphene junction using electron coupling parameters from the gold
junction. The results are shown as red curves in Fig. 6 [see also
Figs. 7(c)–Figs. 7(e) and 8]. More heating and a larger heat cur-
rent (Fig. 8) can be observed in this case. But, the excess energy
is still much smaller than the gold junction. Thus, we conclude
that the smaller heating in graphene junction is mainly due to the

better frequency overlap of the molecular vibrations with two
phonon baths. The effect of anharmonic channel can be deduced by
comparing results using the anharmonic machine-learning potential
[Figs. 6(a)–6(c)] and the harmonic approximation [Figs. 6(d)–6(f)].
The harmonic force is calculated from the dynamical matrix of
the system obtained from the DFT calculation. The excess kinetic
energy drops by more than 50% for both junctions when including
anharmonic vibrational coupling.

Excessive heating of the molecule can also be studied within
real space (Fig. 7). Previous studies have reported that asymmet-
ric energy distribution in metal atomic chains (atomic hot-spot)
originates from deterministic energy transfer of non-conservative
current-induced force.46 Normally, this requires that the junction
have a high conductance (∼1 G0). But the conductance of the molec-
ular junctions we consider here is much lower. The effect of the
non-conservative force is negligible, and we obtain a quite symmet-
ric energy distribution. The asymmetry distribution of H atoms in
Fig. 7(c) is possibly due to the structure asymmetry instead of the
effect of current-induced forces.

We now turn to the heat current from the electron bath to the
system (Fig. 8). In Fig. 8(a), the temperature of the electron bath
increases from 300 K to 800 K at zero voltage bias while keeping the
phonon bath temperature fixed at 300 K. In Fig. 8(b), voltage bias
is applied to electrons between the left and right electrodes while
keeping the temperature at 300 K. A temperature bias of ∼400 K is
needed to generate a similar heat current at V = 1 V. Comparing

FIG. 6. Kinetic energy power spectra
Cvv(ω) [Eqs. (4)–(6)] of the molecule
at V = 0 V [(a) and (d)], V = 1 V [(b) and
(e)], and the corresponding cumulative
integration of the excess kinetic energy
ΔEK(ω) = ∫

ω
0 dω′[Cvv (ω′, 1 V )

− Cvv(ω′, 0 V)] [(c) and (f)] of the
central molecule between gold and
graphene electrodes. [(a)–(c)] and
[(d)–(f)] are results obtained from the
machine-learning potential and the
harmonic potential, respectively. The
yellow and blue lines are the results
obtained from gold and graphene
electrodes, respectively. The red lines
are the results of graphene electrodes
but with electron–vibration interaction
from gold junctions. To get a larger
current, we have shifted the Fermi level
of graphene electrodes to 0.3 eV.
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FIG. 7. Real-space excess kinetic energy distribution within the molecule for different electrodes and electron–vibration coupling. (a) and (b) Results for gold and graphene
electrodes, respectively. (c) Results for an artificial graphene junction where the phonon subsystem is the same as (b), but the electron subsystem and its coupling phonons
are taken from the gold junction (a). By comparing (c) with (b) and (a), we can disentangle two factors that determine the excess kinetic energy distribution: one is energy
transfer from the electron bath to the system, and the other is energy transfer from the system to two phonon baths. (d) Comparison between (a) and (c). (e) Comparison
between (b) and (c). Note the different scales of the y axis, and data below and above zero of y axis are both positive. They are plotted in opposite directions for ease of
comparison.

FIG. 8. Heat current as a function of
temperature bias applied between elec-
tron and phonon systems (a) and voltage
bias applied between two electrodes (b).
Circles are obtained from anharmonic
SCLMD using machine-learning poten-
tials, while triangles are obtained from
harmonic calculation, where the potential
is calculated from the system dynami-
cal matrix obtained from DFT. The color
code is the same as in Fig. 6.

between the two types of junctions, anharmonic coupling is more
important in gold junctions. Heat current increases by >100% when
including the anharmonic coupling. While, for graphene electrodes,
the harmonic and anharmonic results differ only slightly, indicating
a negligible role of the anharmonic effect. The difference lies again
in the spectral overlap between molecules and electrodes.

IV. CONCLUSION
In conclusion, with the help of machine learning potential

with accuracy comparable to density functional theory, we have
performed a systematic study on current-induced energy transport
between electrons and phonons in SMJs. We show that better spec-
tral overlap between electrode phonons and molecular vibrations
makes graphene electrodes a promising candidate for developing
stable single-molecular devices. Our work paves the way for studying
current-induced molecular dynamics47,48 and nonequilibrium heat
transport between electrons and phonons in realistic SMJs.
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